SR EEEZSMAHQ)

- R EERE (hrRE)) -
M ST {2







Outline

» RAVIE G R RE BE TR
» EFFIEEATSE
» Wi T = AMERILsolve B X

» BRI ELUD SR EHIF

- LS SToE AT =_!__;_-____;__-__._._‘__"_




KRG 5B R
» MR EE FERY N F 4hiay,

o ZE¥) T #2(structural engineering),
HE R ZF(computational fluid dynamics),
B E & (reservoir simulation),

B HIM4& (electrical network),
4t el G (optimation),

Google PageRank,

=2 iEU(information retrieval),

Physical Model

1
Nonlinear PDEs

B {FE (circuit simulation), . EEE?F
oo . . ] . Discretization . -
ZZH{FE(device simulation) BRI

!

Linearization (Newton)

!

Sequence of Sparse Linear Systems Ax = b
4




SHERMANS

ARC130

ER T N ' LRI

S A
. W

R

PORES3




— A~ SEFRBlF

» SRR R R
o DCSMT: SRR e P4
B RS A L IR
- —NRBIBMARRIFIF
: n= 474,524
- nnz= 2,020,882
- fEMatlab9, H526MAREF ?

+ “\"3R AR (E R XA IE REAERE),
t=15s

- “chol”: Cholesky 4y fi# R AE 3
AERBE! ?

In

0.5r ||
1L
1.6¢
ol

2.6+

3.5F
gL

45

x
]

Connections to external power source

tegrated Circuit

5 R LB B HL RO ) — 85

nz = 2020852 x 10°



Wi EERE

» Recall:

typedef struct SpaFmt {

| C-style CSR format - used internally
| for all matrices in CSR format

oo e e «/
1nt n;
int *nzcount; /* length of each row */
int **ja; /¥ to store column indices */

double **ma; /* to store nonzero entries */
} CsMat, *csptr;

» Can store rows of a matrix (CSR)

» or its columns (CSC) 5 e 5 1 B B TR

» How to perform the operation y = A % x in each case?




void matvec( csptr mata, double *x, double *y )

{

double *kr;

for (i=0; i<mata->n; i++) {
y[i] = 0.0;
kr = mata->mal[i]; // FiITHEFLRE
ki = mata->jal[i]; Il FATIEZF RS =
for (k=0; k<mata->nzcount[i]; k++)

) Y[l] += kr[k] * x[kil[k]]; Ki[K]

return;

- I - - -
1 i
» Uses sparse dot products

THEE: nnz(A)K3

|

int i, k, *ki; THHEy=Ax (CSRF#E#ET)

y

ki[k[




void matvecC( csptr mata, double *x, double *y )

{

int n = mata->n, i, k, *ki; Hy=Ax (CSCHE#I)
double *kr;
for (1=0; i<n; i++)
y[i] = 0.0;
for (i=0; i<mn; i++) { _ .
kr = mata->mali]; I FiFIFEFTRE
ki = mata->jali]; Il i%IEFTTHIT S

for (k=0; k<mata->nzcount[i]; k++)
ylkilkl] += krlk] * x[il; -

1

}

return;

ki[K] 1-
» Uses sparse SAXPY !
(scalar *x +vy)

HE? HEEXHGTE? ‘

(R T AU =bRIAFE1REE)

_i_







BWFERERY “IEATT” —

RBUERERNIEFLEM —KEHEEZ R
X X X X X X
X X 0 X X X

X 0 X| X X X
X—dE% 51 (X) —HAFE(Fill-in)

. _Choleskys} ¥R JTIH L E —H !



€€

A\TT” HIfETk SRR

] \'_\ x X i 173

X X X X SR A
X X XX XX %] a
X X X:_’_grg( X x %*
xxXxxX{ ™
0 gx X X x| B
L £ § A

0 X X X EMAIET, HATHE

1 ExexEspe)

1.3 AT 2FAFBE (i, j)sb e R ASl-in?
2 UEEH: P EEMIX R FERE, KAEfI-inFIALE R XTFR

BATTEFEKRBLUS ) TR DHE? |

12



WP “B” R

w Graph theory is a fundamental tool in sparse matrix techniques.
Graph G = (V, E) of an n X n matrix A defined by

Vertices V = {1,2,....,N}.

——————————————

Edges E = {(i, j)[ai; # 0}. Ha;; # 0 (—RASHEREN A THER)

w Graph is undirected if matrix has symmetric structure: a;; # 0 iff

aj; # 0. @)ﬂ“ifﬂﬁﬁ@ ) 1 y 1] 3 )
®

R ENRRN: PEFERE B5f)

X X y XX X
X X X X X
X X X X X X
x ) 3 X XX 3

13



B (V, E)f)— &

» FH(u, v)eFE : v5utEL adjacent to
» ST BEE, (u, v)RNSuBIHIA, EE]oBINIZ

(outgoing/ incommg edge)
> Adj( i)= {j | j adjacent to i} : HISL=E
R vl E (degree): ERvANAE (B RE,
\AdJ( i) = deg(i) $E
» EVcVEFECcE, G'=(V,E)AG=(V, E)fiTE
» B512 (path): —HHBFNRw,, wy, ..., w,, #E(w;,
wzH)eE i=0, ..., k1. BEHKE=IHE.
TI7H E’J ftﬁféjjﬂ;(cu'cle) Blli# & w,=w, I B 12
PiSecyclic : 7kt forest, BEIFTLIFEIDAG. .

E A\
=

jlz/)\[

Cr /IIIII

¥

14






A e
 RERETHEE, 152 Gfill-in(H -0
 RACSCHEER, REM “RIIEE” Bk

FEPE LR AT E A KEELz =0
x=2> )
for 3 = 1:n

= x,/l; = LRI ARE ?
for 1 = j+1:n, and [; #0

= p._].r.
g L% Emcscrst
en Y 4ERE S5
end
Rk B oNnnz(L) 0

BH RO BRI, BRGITHN b= |

r<—>

16



Wi T~ = f k%

» ANR—ME, BLARMT=FAK, ZEbAIEEHL

» b }ILEH*Em AJREA0
T =0 ;RﬁZELZB =b

'fai"j":"'i“ﬁ z<—b
If ; #0.- ERT=
ﬁtﬂ »f_"r"z = j+1:n, and l #0 |
HRmBL o T Tl
end
end
BTNV, B ORYIE B ~

(TREAIBIRZ, BEBmBIF b = | | ) for each je X do

\ _ 1. ?ﬁﬁzmﬁr‘%ﬂﬂj ?

17

S




R T = fa M ammmm —kx
G(L)Z2 T DAG!

 HAFHE X 20? BLr=b e nme i msiEmin)
= 5 25 X T A 04
x, = b, — Zlijwj
j=1

® b #£0=12; #0
» 1‘]7&0/\11_]7&0=>ll7é0 lszw ]ﬁ;‘_‘bw o\

T 5 ol

® let G(L) have an edge

j— 1'.( if)l,l-j £ 0 Y L~ AN
® let B={i|b; # 0} and BEECSCHI, BT R

X = {i|z; # 0) EABINEIELE: NEABXRL
then X = Reachq (1) (B) SHREIEZ KA




RIEEFEFLIEIR X cnrstussnses)

Lower triangular matrix L

19



RIEEFEMFLIEIR ¥ cnrsnussses)

Lower triangular matrix L

Graph G,

X = Reachg () (B)
MA B R HEAT 38 P (PR AR R i 31

20



REEREELIER ¥ wrztussses)

Lower triangular matrix L

fB = {4)
then X’ = {4,9, 12,13, 14}

BAN
W\
\
\
B\

Graph G,

X = Reachg () (B)

MAH BHAT I [ (R AR R 1 51

B R TR M2
TRBEAR -+ 5 -+ 42




RIBEHMEPELEKR Y corzrusmnses

Lower triangular matrix L

= {4,6} < LEMFATER

then)c'— {6,10,11,4,9,12,13, 14}

Graph G,

IREDLSE+)E P +iR
HH AR B AR 90 MU

22



RER T =AFENLsolve®E %

function x = 1lsolve(L,b) XBBENT=FHFEZLr=0>
X = Reach(L, B)

X =D
for each jin X (25 2 IR FMNIGF)
X(j+1l:n) = X(j+1:n) - L(3+1l:n,3j) * x(3)

function X = Reach(L. b)

for each i in B do HEEZE HOh+) &
if (node i is unmarked) dfs(i) (0| B|+f), FRLFRE A
& = Al gettn, nnz(L)/ME %

function dfs(y)

mark node j ;48 mEEA
foreachiin £; do

If (node i iIs unmarked) dfs(i)
push j onto stack for X (DFS/EFFigHh A tx) i




LsolveEH ZH R I IZ

function x= Isolve(L, b) function reach(bb)

% L. bR EAERE. 5B ~fori=l:length(bb),  //bbXylaE

n=size(L 1) i kr)nba(ir)k;ed(ii)

marked= zeros(n, 1); /AT EsiC | - ! , ‘

stack= zeros(n,(l); ) I1E% dfs(ii); R BEARSE38

ptr_s=0; AUk L . end

bb=find(b);  /bhIEFEHE €W

reach(bb); I&REFstack | function dfs(j)

x(:bée)ros((gl,j)l); marked(j)=1;

x(bb)= ; ' adj=find(L(:,))); /HR&PTHE

fori=ptr_s:-1:1 /IR HIRIFF forjizl:le(nétfjl)(lldj), R
j=stack(i); . if ~marked(adj(i)),
x(j+1:n)=x(j+1:n)-L(+1:n, j)*x(); | dfs(adj(i)); /BIFEMA

end ; end

' end
ptr_s=ptr_s+1; [Ntk
stack(ptr_s)=j;

it

24



ﬁ@ﬁ%ﬁ?i% 2R LsolveE 3

CiES# R IT. DavisgiCsparseizF€
o http://www.cise.ufl.edu/research/sparse/CSparse/

- Direct Methods for Sparse Linear Systems, Chap. 3
> cs_spsolve.c, cs_dfs.c (IEiEVARIDFSIEA)

Direct Methods
for Sparse
y IINEG i

Linear Systems

- M N=AAE Lr=>0
- RIRITTEEZE: A|B|+1), |B| AlEI=bsIE
ZEHE, FAHRS50EENZSBERH
o W—PRIEREEREH{TCholesky iR, LUSRR, AJiE{LA
ZAKEWI TN =AH1E: LsolveEZ%7|EH
o (BEEHBRIFIIN I IEE)

25
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— AR I R RO LU 5 1

» LUSfREY Left-looking®E 3%

L

11

l2 1 _ ]‘\

Uy ( Uy, U

[ Ugg ) Usg

L, (1

31

L33

32

U33

- #R4EL, UBYBTk-15IE B8 Bk

-

L11u12 = Qg

A

L31u12 + l32u22 = Qg

\

BR—ANT=AGE

o M| uyy =25 Uy =Ty, by =z, /u22

o GEE BEITIR AKX, X, X, BEKFEERTEE

- FIALsolveE AE— A% FiE
~E B EE AN (G, A) = LY—G,

Lll
l

l21u12 + u22 == CLQQ — 21

31

u(k)

(SEEERNEZETT)
A, a, A,
Ay Gyy Ay
A, a, Ay |

€Ly a,,

Lo Ay,

TRIEZ a,,
U

B

2

3

5

g

'.;;

L Z

2




— AR I R Y 1E = T LU 51

» GPLUE % (Gilbert/Peierls LU)

Lu, =a, Ae— L, z, a,

Y b1 Uy T+ Uyy = Aoy 21 1 Ly .'>— (g
1 1

L31u12 + l32u22 = Qg L, 0 I|}%s, as,,

. M, Uy = By Upy = Tyybyy = Ty [ Uy _ Eﬂ%k?ﬁfbgﬁfﬁﬁE@A(k)(:,k)
o HEETT: RIEL, FILE<], Bix, AT E<x, NAVEETTAEY

2442, | soImi
o JRIBEUE: Lu_left ¢*1lﬁl:%]*f}“'
_ L= speyes(n); U= speye(n); P= (1:n)’; . ,
LU=PA 00, (FTIERR L IE A1)
x= L\ A(P, k); lILsolve L (75 70, BB 73 ##)
HEEZERN find pivot position i from x(k:n);

On+nnz(A)+f) swap rowsiand k of P, x and L (ETk-1%));

U(1:Kk, k)= x(1:K); UK ZE K|
L(k+1:n, k)= x(k+1:n)/U(k,k) /ILEIZEKE)

28



B FEREIRA TR EHEF

» SRR AVEA(fill-in) GPLUS AR 3+
. St E B IRA Otn+nnz(A)+f
- ATBITAERE M EHE R M ill-in Axib i 50E A
T /PRTE, HERER pApTy_pp
X X 0 3?;%;;]2 X X X1 [xX X X
X X X &:I X X 0|C=y|X X X[ Fil-ins
X

0 X X X 0 X i ®(\X_J

No fill-In!

ﬁﬁﬁﬁ%iiﬂf}%, : - u :> - [ :
R A fill-in? - " "a  a




B FEREIRA TR EHEF

» ZTEEREEHEF
{PAaZ = Pb ITEHE

APy =0> 5 EHE
PAQy = Pb (&Q-P7, }xtHEH, EAKER)
= =
o EMEHIFFEREMAEMLU/Cholesky o fiZBHEN THR D ?
1 EHIFSHEER T TATEEFE
o 2.BMEAEEIXFETT(AN: SPDRE. XFREHF), NP-harda]E!
» MarkowitzEHFE R (RiEETHIER)
» Htt B AN EHIFFE
et T B an{a] AL 3 ?

9 —
g—

30



B FEREIRA TR EHEF

» MarkowitzE %
- (1957), € XIEATTLIR: MarkowitzF:

o MR RS T EE—IE ]

T xERIMarkowitzFl= Do R IY
(EHaMTIEZTH -1)x T et
(CHRFHEES ) | | X0 xox [T

c BrEXBRBETTNER, | = X O

HMarkowitzfR A~ 28 4 0

- Markowitzi & B %7 L X QQUL
o fiF Fork =1to n-1

FIEHILUSE — TEay (IXK)F Sk MarkowitziR &/ B9 R a,,
£k, AZHARIK, |5
(;H%%ﬁﬂ'\]’fﬁ KITHITIHTCIRME

31



» MarkowitzE % (

—
(X X X X
X X 0 0
X X X 0
0 X 0 O]
= AEHE, 5 fill-in's

B FEREIRA TR EHEF

o i, FI{S{TE
o XFFRIEREE, JHRE

o Y ITTMarkowitzfl =&
o Markowﬂz%

u-"
\ oy
A\ AN
\\ AN
R\ N\
A\
)
'\ AN
'("‘N \ N

PATHIEHRBIF)
- ~ A _
X X X X X X X X
0iX 0 X 0X 0 X
Dloix x x|[= |0 xIx X
0ix 0 0] |0 0i0X,
FHEE, O fill-in !
= HE 1THIEHE. MMEHER
HEN X AT bk
PSR ERER
EANERIE &S, Bl& /) E(MD)HEF

/EE':

L. BEs&, ARt R

32



Permutations for sparsity

“I observed that most of the

A coefficients in our matrices were

\ zero, 1.e., the nonzeros were ‘sparse’
in the matrix, and that typically the
triangular matrices associated with
the forward and back solution
provided by Gaussian elimination
would remain sparse if pivot
elements were chosen with care”

s

- Harry Markowitz, describing the 1950s f =
work on portfolio theory that won & =
O Nobel Prize for Economics

’ Courtesy of J.
Gilbert at UCSB3



RO FEMEIRA TR EHEFF
 EApR B R R ERF T

- iR E & (Nested dissection): FE[EE|RVEIE ‘oo v ,
o [ L IREREEIE, HinE, kR E
C i HBE, EHEE A ?EE:&%?@
© EME‘/J JE (Appr. min. degree, AMD)

> MarkowitzE A ERRIR; T. DavisF AR el ]
o IR _EIRN; 1B A R o] 2 U SR AR I

o 45 /\HEF (Reverse Cuthill-McKee, Sloan, . . .)

- B¥r: IEZTEIXTAZLE D often wins for “long, thin” problems

The best general-purpose orderings are ND/MD
brids

)4]3\

34



B FEREIRA TR EHEF

» Matlabsryfill-reducingZHE = (amd_demo.m)
o M FRIT{A B /)N EE (Symmetric AMD) ttChOI(A)E’J#%E% i

> amdEEksymamdiRE 1R >>p = amd(A); \
>> Lp = chol(A(p, p), 'lower");

o JEXTFRIT{A & /)7 Z (Nonsymmetric AMD)

> colamd FIHER, EALU | >> p = colamd(A);
(colamd_demo.m)7T &, QRZ#E | >>[L, U, P] = lu(A(:,p));

o T oada/NHERF (Reverse Cuthill-McKee)

° symrcm >> p = symrcm(A);
(rcm_amd.m) >> Lp = chol(A(p, p), 'lower");

Matlabs ;¥ ENDHEF;

pp.68IABN a) &R .

35



FlRERERFSH{EZRERT

y 1EETTRILU ST R
T SImERFGmerEr) 2 TAQ=LU
o ZHITHIRTRIRTEE: #{EE T, fill-in reduction
o ATIEHEBEANTT, MIAEB{EETHIEXK
o [RIaESkK: o)) 2 a(k), 1>k
lﬁﬂﬁﬁ__ﬂ: a,(ck > ,uak , 2>k, 5anER 1 = 0.1
» UMFPACKE £
XT:J:ﬂES(ﬁ FERE: [L, U, P, Q]=Ilu(A)
U5 fERYRight-looking& ;%
Unsymmetric mutilfrontal#iiR, —M5 R RBESHEHRF

» N\ TR AR PE R AL TR CHOLMOD  (X#RIEER)
AAMDHEE, Wspparms UMFPACK  (E{BxER%F)

36



» T. A. Davis, Direct Methods for Sparse Ling
Systems, SIAM, Philadelphia, Sep. 2006.

» T.A. Davis, (SuiteSparse) (CSparse)
http://www.cise.ufl.edu/~davis/

» John R. Gilbert,
http://www.cs.ucsb.edu/~gilbert/

» Y. Saad’s Course: “Sparse Matrix Computations”,
CSE Department, University of Minnesota, USA.

» Florida collection
"http:/ /www.cise.ufl.edu /research /sparse /matrices/”

» SUPERLU web-page
"http:/ /crd.lbl.gov/~xiaoye /SuperLU”

i —_ 3



http://www.meettheprof.com/timdavis




AELE 4 4L RO XS FR 1E 7€ B

» #Cholesky? \ﬁ¢¢§1{hj€ﬁ¢—’%§lJLx—
B s ] e m e mame

e i

l l : l O °°°I 0 l a’nl a’n2| a’nn

nl n2 | nn nn

I,z = a,(1k-1) L ALik-ISIRF =T Up-looking 7 i

> Up-looking& %
for k = 1:n
solve Ll =a,(Lk-1) for I,

g rd
b = \/ Q. — llek lk
end

(k:1HTJ‘7F§I5hj:T*) not accessed
e~ ARG, BED A ZHAIE [ 1, KLEKEF U A

accessed

39



AELE 4 4L RO XS FR 1E 7€ B

» FIFLsolveF A H TR A=LL"
o FHELEKITHIIEX BT solve L_ I =a,(1:k-1)
- Gy, FERFEL,_ W
C A a AR E=ARSFHNEETNE
- L L BT ATMAEEE, I L, = Reach, (A,)
o 1.5 RITHEILMETET s (—LEEEE)
- (G, Ay))— £~2—>G2, (G5, A3)—> £~3—)G3, ......
o 2. BESHR: R¥BLsolve, Up-lookingEB X BT E LM
» EREENERRAF S BINERE
- GRDFSEFBHEL,: O(L|+e)  (em@fifiag
BHELE G, H— LB {8211 7, DFSEARERE O C.)




#WHiCholesky4r i RIS 57 i

» ;jHERf(elimination tree) G, > T
- FERE (G, A)> LG, fRL_x=a,1:k=-1)
- 8a, (i) =0, 1, £0 (RitND)
‘ JEﬁk ‘ lk:j # 0
: L GFNMIRRjEIkE—502
el , I, #0, G hTAiEkED
- MRSt E Reach,, (A,.,) ®EkiT
XN R E! EFT
- LBiF, REFj<k,l; # 0, iARIE L,
- MEXFERIBE, B G (k=2 ..)%, EAINaiRE—%Z
9D, JRAEL, # 0 IR it T (RiBNE)

o\ AR B &
AN
\
N\
AN

a,, T

41



#HHiCholesky o i FUFF S 9 i
» iHER (e-tree)—1fl+F o H T

A Cholesky factor L of A
1 o0 1
2 @ ® 2
® 3 o0 ® 3
4 @ ° 4
5 [ o 5
o o 6 (M o ® 6
o 7 ® ® ® 7
® @ 8 o0 o0 ® 8
e oo o
o0 o @ 10 @ o0 @00 010
[ o o0 ®11 o o o0 0 011




#WHiCholesky 4 i RIS 57 i

» iIHEW (e-tree)—4lF O SEERRHL
A Cholesky factor L of A elimination tree
1 L 1
2@ ® 2
® 3 *® ® 3
4 @ . 4
s e e 5
L @ 6 L I [ [ ] 6
L 7 ® L e 7
® @ 8 *® e 0 @ 8
e oo o
L N L ® 10 @ e9 ®® 0 010
] L ] e e ® 11 8 [ 288 0]

BIEE “WHER” , L, = Reach . (A,) FITHEE ZER
AR GHA A% E = TAKEE! )




X F5 1E 1€ B B 97 i

y INZG

2ol =1 AN

o FF= 4R (Symbolic analysis):
o KIEIRFEFFERIEFE T M (pattern), HE D #EEREFE
pEEVAEFE pattern, F{EREMITHIH(E 7 ##

o KRR N pattern—ERIZL M 5 IZ4ERT, AJLArecycle SA

- Up-looking&%: Lsolve&H % + iIHEWN (HEF, 1123, ...)

- Csparsef2FH: cs_etree.c, cs_schol.c, cs_chol.c
 BEHESHS Chap. 4

- Left-looking, supernodal (EE&H, tBEE =)

- Matlab#p<: etree, symbfact, chol {

left-looking
T. DavisgfyCHOLMOD®, H

up-looking

44



