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Review of Complex Arithmetic

» EXHASEHRT

Z=X+IY imaginaryunityi  feipEdiEmE. 2
I

Im(z2)
y

e =cos@+ising

|

= X+iy

-y

Re(z) BB Z = rem
##r=|z|, O=arctan(y/x)

Z=X1lYy complex conjugate

=k g 0) ‘Z‘:\EZ\/XZ-F)/Z o Z=re

—i6



Review of Complex Arithmetic

» BEHNERER

4% 2, = (0% = 1Yp) +i(xY, +Xpy,)  BTIERAL X IER®

2,/ _ XX+ YY) +i X)) — XY,
22 Xz2 + Y22 Xz2 + y22
_ i0 —ANEHEEL I, ENTEBR
Bt Z=re FE ST Rt e ek n2

i(6,+6,) Im(z) i0

L, XL, =hIE Z=re
- (60 /
Z1/22 — (rl/rz)eI n A Re(z2)
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RHRIES S FEES O D U R
1 2T, .
Yk=—2yje“7'”, k=01 n—1

n
O
FRML, R ESDFT ¥, = Zyj
Cw=e"n, RIMINRTIR .wﬁ'
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- FRxifRRE, FigTEEn o F B3R
p— [ 1 1 1 1 11 1 1
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Ve y= FUY=2FY |o 3 o o
LY y= ~FY 1o 1 0 o
1n—1 o 0 1 O
i = — Zyk@,jk 0 0 0 1]
o >> omega = exp(-2*pi*i/n);
>>|=0:n-1; k=]

> Matlab$ {52IDFTZH#3EFE | >> F = omega. (k)

>> F = fft(eye(n))




DFTHY—L % f5r

DFT of sequence, even purely real sequence, Y, = ijf,,j
is in general complex §=0

Components of DFT Y of real sequence Yy of Yn—k ~ . Yi%n
length n are conjugate symmetric: Y, and Y. . J
are complex conjugates for k=1,...,(n/2)-1 W' kI

= RRBIERGHE DMENEESE T IHERK

© Yo, ERERFAYIR. BHRERS

2, MEFRERONS BEHETL) s<t>—ZYke12”‘
© nHIBEE, Y, 9K, BRRAER

HET AR ME, BT/(0/2),80%

B EREERE, WNvouistiz e Se T A
’ SIS ) S g E R 2,
EwEHAGTF: [ REERERRER ST
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Example: DFT

For randomly chosen sequence ¥y

4 35
—5.07 + 8.66i
—342i
9.07 + 2.66i
-5
9.07 — 2.66i
—3-2i
| —5.07 — 8.66i |

Fgy = Fg

o6 O N O W o

Transformed sequence is complex, but Y, and
Y, are real, whileY,, Y, and Y, are complex
conjugates of Y5, Y, and Y, respectively

FMR BRI R/NAFE, ERlF, el
BEARKHIZ 5]
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-
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BIFREE “17 KRMERANTEREsinE B
FASAIEEF,=32768, BIN=—, RAEKMSEIBHFTy

AYEIDFTHEX M MaiZk?  exampl.m — 5
n-1
>> prelsound;

2m

yi= Y Ve T >> plot(t(1:500), y(1:500));
k=0 PR >> sound(y,Fs);

SRR P RS EIRR S - = = >> p= abs(fft(y));

&R RE R m—) >> 1= (On-1)(Fs/hn)

YN e . >> plot(f, p, ".-');
A= MBIT: y; =sin@rfity) | L Hic(1600 1300 0 1500]):
— (el27'[f1tj_ elZn(FS—fl)tj) VPR
2 = (REST AT — BN
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- BERRESHRIE, TOMHEIESHE m
o Srtouchtone.math k= RS

PRS | TUYV @ WXY

=g

load touchtone _~ (FFTEH)  acor i e g

demo_ _
touchtone.m 3;3’: d(;uble(y.3|g)/128;
s=y.fs; OPER
gy | N- length(y); A g0 g
doubleEI %32 p= abs(fft(yy(1:n/11))); 1209 1336 1477
AR ('Oengf)‘(?gi ) %21 B9 EST: 697, 1209

S URW TS = (0:n-1)*(Fs/n); . .
S lot(,p, '.-); SRIE{EXT 9682, 1210

BREYSE .
\;’mm 17000600) | FwyaSmipsmngmEsst
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» KPEEF :
- XIAREMRERE, HEHNSREEEX e
o RNERTETFHHEHITIZFEWolferEFEH)
o IRIBASEHIE, REEFEFHAWolferEFHNTHANE

©sunspot.dat, 4, FIEFH | #Msunspotdemom |
EEEKEBERIE  tEas:

I Ry [t, wolfer]= sunspot:;
- SMERBIPEET /n n= length(wolfer);

c Bk, BRIR AR |©T polyfit(t, wolfer, 1);

HIEEAA11.14 )\/(::V;flf(gfr polyval(c, t);
- XWAAE A3005F, EF | Fs=1; f= (0:n/2)*Fs/n;

%&‘E’Jﬂﬂﬂiﬁj::]:l 14 | pow= abs(Y(1:n/2+1));
. plot([f; f], [zeros(1, n/2+1); pow']);
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{8 BB - 2 R B % 1Y =]

» DFTZ#EERY B2 B 7=
> plot(A), FBIR5EREHT)ER T LML, BRInEITsE
- BERIEREH, MplotESNGESTERMIES, BRI\

> HEplot(FMER >> F= fit(eye(5));
© nAREE, BEITEE; >> plot(F);

ESNEZHHN, ERRERIR|>> axis equal
EARATREME GERFTRRANME, HBTEMEEES)

o fftmatrix(n)BIFf B Eﬂ:}:«j:v}!}{r‘ .
5| (3% T —"1b 5 I RN
INbug) R A
o fftmtrix(n,j)EZEj+ 175! _ N
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Idea of Fast DFT (FFT)

Ba=wr, 0<k<n-1 F. =w,
w, & 1 HInR 7R

Y, = Zijvlzj =Y T Y@+ yzaz Tt yn-lan-l
||| a :(yo +y2a2 +y4a4 +--.)+a(y1+y3a2+y5a4 _|_)

DFTn(y)k: _ DFT"y (yeven) ta- DFTW (yodd )k:

WnABE, EERIRERT w 7 TRMR:
—2km/n 2 ~2kzi/(n/2) _ o For k=0, ..., n/2-1,

a=w, =e @« =€ “ni ik /2B BIDFTH 8
\Y V4 /
élkZ’fL/ZHr :/EAjJ‘ k':k—%<% %FE%BW/I\H/ZM
BB o = w = w - " _ o DFTAHSER, B
L' DFT’V (yeven) Ta: DFT’y (yodd )k'
—J

» o AT
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FFT Algorithm

HHREST
procedure fft(z,y,n,w) C(n) = 20(2) N mn
If n =1 then 2 2
y[0] = z[0] _4c(™y 2.5
else 4 2
for k=0 to (n/2) —1 =8C(2) +3 on
plk] = z[2k] _.. 8 2
s[k] = x[2k + 1]
n
end = " log,n < n?
fft(p, ¢, n/2, w?) 2
fft(s,t,n/2,w2) H—B R
fork=0ton-1 ) w:[wﬂj.“’wn/Z—l:lT

ylkl = qlk mod (n/2)]+ L 'y
wFt[k mod (n/2)] ’ {q“"' }

end

end
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FFTE ;X% AR

y ZENEIEEER, n=2kK

» BB N/ 20 EEEE AT

» BAFMZE, AIAEMEIINFEE (Ritt T{E)

» GEIANFIIXASLHFY, AR/ FiEERE
y ERLEEESMA, W HIFRIEERNINAF, 71

FFRALERTs S FERET IR FFT AL A 2 o

Xk i BEITHEFE (HlmnlognEl’Jl:;%:E)

» SEFRIERF P IFIEYIT AER, HWnetlib/fftpack

FFTW: CIES & 1EF, ©3£19994FWilkinson#
__{EBHR (http://www.fftw.org/)




O(n*)5 O(nlog,n) BY[X Al

Use of FFT algorithm reduces work to only
O(nlogzn), which makes enormous practical
difference in time required to transform large
sequences

2

n nlogon n
64 384 4096
128 896 16384

256 2048 65536
512 4608 262144
1024 10240 1048576

RZ BB XIARIFFTER

1 n—1

o, —1

Matlab:

ifft
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Limitations of FFT

FFT algorithm is not always applicable or max-
imally efficient

Input sequence assumed to be:

e Equally spaced
e Periodic (ﬁiﬁﬁﬁﬁg%\)‘()

e Power of two in length

First two of these follow from definition of
DFT, while third is required for maximal ef-
ficiency of FFT algorithm

Care must be taken in applying FFT algo-
rithm to produce most meaningful results as
efficiently as possible

For example, transforming sequence that is not
really periodic or padding sequence to make its
» length power of two may introduce spurious
| noise and complicate interpretation of results
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Mixed-Radix FFT

It is possible to define “mixed-radix” FFT al-
gorithm that does not require number of points
n to be power of two

More general algorithm is still based on divide-

and-conquer; sequence is not necessarily split

exactly in half at each level, but by smallest
R T prime factor of remaining sequence length

Efficiency depends on whether n is product of
small primes (ideally power of two)

If not, then much of computational advantage
of FFT may be lost

For example, if n itself is prime, then sequence

cannot be split at all, and “fast” algorithm
xbecomes standard O(n?) matrix-vector multi-
= plication

BEERFFT
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