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Ordinary Differential

Equations (1)
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Given k-th order ODE

y®) = f(t,y, ... yF),

define k& new unknowns

ul(t) - Y,
uz(t) = v,
up(t) =y b
Original ODE equivalent to first-order system
-, - _ .
“ 2 S
U U N
N =3 /\—ly\n%ﬁﬁ‘ji/‘f
’“*’:t:—l U 4l y _-f(t’y)
i ’ka . _f(t,ul,ug,...,u;;)_
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Example: Newton’'s Second Law FHE B e
Newton's Second Law of Motion, F' = ma, is
second-order ODE, since acceleration a is sec- bﬂj_gf%
BB EY B

ond derivative of position coordinate, denoted b — N ]
_ P Y =t i S %k
T hus, ODE has form

y' = F/m,
where F' and m are force and mass, respectively

- _ I .
Defining uq = y and u, =y’ vields equivalent " f(t,u)
system of two first-order ODESs

!
!
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_l u
| F/m
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m R v = F(ty), TCVEME—F EMF R

n BfiEME—#, TE—HETER LS HREUE
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Consider scalar ODE

r Family of solutions for ODE y' =y
¥y =Y
i

Family of solutions is given by y = cet, where
c IS any real constant

Imposing initial condition y(tg) = yg singles out  *
unique particular solution i
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60D e Tyl mmign, e  (Y(h)=v
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Stability of Solutions HTFhHERRE, EAZT
BERIEM T, KODE-IVP

Solution of ODE is 5] 3 R RBURK P FR oA ODE ) /8t
(B AR E P .
e Stable if solutions resulting from perturba-
tions of initial value remain close to original s -
solution N W VTR y(to)
y iﬁ:m%’ H."Stab|eE§'§ ‘g“ H <z X
e Asymptotically stable if solutions resulting %7‘5@2& y('[)
from perturbations converge back to orig- FVEt— ol TR IR E .
inal solution ﬁﬁ\ R ﬁ?ﬁg’?j(

e Unstable if solutions resulting from pertur-
bations diverge away from original solution

without bound
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Example: Stable Solutions

Family of solutions for ODE ¢’ =1

to

2

Example: Asvymptotically Stable Solutions

Family of solutions for ODE ¢/ = —y
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Example: Stability of Solutions

Consider scalar ODE
y' =Xy,
where X is constant.
Solution is given by:
y(t)=1ye
t—oo i fif HIE B i R ZE Ay K&

A(t-ty)

EICHFE WM TRET A

If A > 0, then all nonzero solutions grow expo- B ¥ =f(y) KR, K

nentially, so every solution is unstable

If A < 0, then all nonzero solutions decay expo-
nentially, so every solution is not only stable,
but asymptotically stable

If A is complex, then solutions are unstable if
Re(A) > 0, asymptotically stable if Re(\) <
0, and stable but not asymptotically stable if
Re(A) =0 D>

Wenjian Yu
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Example: Linear System of ODEs

4 &P, Linear, homogeneous system of ODEs with F] & BRI 3N

IR constant coefficients has form
~ s B fa] B B YR H Tl
f —_ A Y
ﬁéig% y =4y, WALt
'%(‘ N where A is n x n matrix, and initial condition
JEFRODE .
s y(0) = yo

Suppose A is diagonalizable, with eigenvalues
A; and corresponding eigenvectors v, it = 1,...,n

Express yg as linear combination

T
Yo = Z Q;V;
i=1
T hen
- At
y(t) = Z a;v;et
=1
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Example Continued

e Eigenvalues of A with positive real parts
vield exponentially growing solution com-
ponents

e Eigenvalues with negative real parts vield
exponentially decaying solution components

e Eigenvalues with zero real parts (i.e., pure
imaginary) vyield oscillatory solution com- =
ponents

Solutions stable if Re(\;) < 0 for every eigen-

value, and asymptotically stable if Re(});) < 0 A-stable

for every eigenvalue, but unstable if Re(A;) >0 e urse e

for some eigenvalue A NL G
9 SEEE>0, NIARHE

HARNREXT A EAFAE(E, ZEKHESEH<OA TRIEM IS E
RRBOEMEA(), LA H R e R AvE TR & i e
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Stability of Solutions, cont.

For general nonlinear ODE v = f(t,y), de- N

ae y Ey = flty). de gay ks
termining stability of solutions is more compli- M PR B
cated

ODE can be linearized locally about solution
y(t) by truncated Taylor series, yielding linear
ODE

z' = Jf(tﬁ y(t)) Z

where Jf is Jacobian matrix of f with respect ?
to y Urt»),, = ofi(t.y)/ 0y,

Eigenvalues of Jf determine stability locally
but conclusions drawn may not be valid glob- \ .
y OB 1 | W ) S R SR

ally 2. RS M i R R

R A SERR R 0 T FEME IR K 2 B R E R, A
RATE, RN EER N A EER %S
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s 5 Matlab demo

m FNODE: sk Pk, Matlabk fi#

y=-10pt g g '=-10y+1
{y(0)=1 yO _1y J, =-10
. _ 5 »(0) =
True solution: Y(f) = e
f=inline('- 10* *t t','y'); ode23(f, [0,10], 1); Matlab: ode 1

1.2,

0.9
1
0.8
0.8- - 0.7 )
%
06 Ny J& T — B
0.5 ~
" Lzt PR £
0.4 _
0.2- 0.3 -
0.2 D
O,
0.1-0

1 1 1 1 1 1 1 L L | 0\ | 1 1 1 1 1 1 L L |
1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
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S 5 Matlab demo

R __A”J%/:

N G AT kA
Fel g g ?

ode23(@myode2, [0, 1], [O;

=+

BENEL E

1]);

/\

( Vi= Y,
y, =6t R
.Vl(o) =0

J> 0)=1

_______________________________________________

function ydot = myode2(t,y);

ydot=[y(2); 6*t]; %column vectori %

Matlab: ode 2

| | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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ODE-IVP )2 fA#

BT IRIEE AL, RABUEMEE. BEMBRZNEER, kK—FR5Ei
R ERIRBOAEME . B EURRIN M B R BOELMEE il . -
to <ty < <ty <tpyg <
Yoo Yo & Yoo Yavoooceooo |
WRh, =ty — t,. RWEARTRIR, . v =f(ty)

1 o 1
yu+hr3[ £(s,y(s))ds + y(©)-

R LS TR AR Sy (s), KBRS A R H MR
KA, By () I S TP SR PR B AR 2 ) — Bt R 2 ] 3 S
b — B (T

ﬁJﬁ-ﬁi?'(21-:“:'5*'l'%j:@}Eﬂé;"‘u}"ﬂ+1 — G(yn+1:yn:yn—1: '":yn—k)E{]jjﬁ' EIIZ‘I:
ﬁﬂ;@ﬂﬂiﬂﬁ;ﬁ@lﬁfﬁﬁﬁﬂ{]%%n ﬁiﬁﬂ@ﬁ%ﬁ”?: W+
. {= 0, ¥ - {z:ﬁym, TEESN

>0, % ik CRAYSTI L
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Euler’'s Method

y(t+h) =] " f(s,y(s))ds +y(t)
%@MB*‘I‘EH Rt Rt

Y1 = ™ f(s,y(s))ds+ y(t,)
~ h S, y(t))+y(t,) i 18] B I BUE R 40
TRER R y(t) HEE, Hy A=
Y41 = Yk + e (t, yi) s Bkt

Euler's method advances solution by extrapo-
lating along straight line whose slope is given

by f(tk, yk) VSR EIE  1H hHE
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Example: Euler's Method

Applying Euler's method to ODE vy’ = y with
step size h, we advance solution from time tg =
O to time t1 =to+ h:

y1 = o + hyy = yo + hyo = (1 + h)yo

Value for solution we obtain at ¢7 is not exact,

y1 7= y(i1)

For example, if tg = 0, yo = 1, and h = 0.5,
then y; = 1.5, whereas exact solution for this
initial value is y(0.5) = exp(0.5) ~ 1.649

T hus, y; lies on different solution from one we
started on

Wenjian Yu
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Example Continued

To continue numerical solution process, we take
another step from tq to to =t1 4+ h = 1.0, Ob-
taining yp =y +hy; = 1.54+(0.5)(1.5) =225
HETA AR A2 -
: ) y(t) = et
Now - differs not only from true solution of
original problem at ¢t = 1, y(1) = exp(l) =
2.718, but it also differs from solution through
previous point (t1,¥y1), which has approximate

value 2473 att=1 ‘ 05
B R T R R y(¢) =1.5e"

T hus, we have moved to still another solution
for this ODE

Wenjian Yu 21



Example Continued

= ODEA & A2 1

1. BB MRER R = 18 B
“WME” PLBh, t—>oolf
ISR IRETLH Ko

2 B{EfEtz0kth, ZHE
RE N IRZEI
HixZz, WSIEE K.

For unstable solutions, errors in numerical so-
lution grow with time
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Example Continued

For stable solutions, errors in numerical solu-
tion may diminish with time 1+ ODEA G BRI EN:

y 1. BB fVE R R ZETE AL
“*}J@” %Zj‘], t—)OOHﬂ‘
Yo Mg RZEETO,
=B RE+BE
y = —y RE, GREGHEME
BEBEHRE.

%Xj‘%%%B’JODE,

b FL OB 2 v s i
EnﬂiWEZEPJEUET/\IIU

R, MFIEASFE
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Errors in Numerical Solution of ODEs

Numerical methods for solving ODEs suffer
from two distinct sources of error:

e Rounding error, which is due to finite pre-
cision of floating-point arithmetic

e Truncation (or discretization) error, which

is due to method used and would remain
even if all arithmetic were exact

In practice, truncation error is dominant factor
determining accuracy of numerical solutions of

ODEs, and we shall henceforth ignore rounding

error R, BATTEZHAEHvH AL T RO
wZE, WdE I EA R E AR
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Example: Euler's Method

Applying Euler's method to 3’ = Ay using fixed HAE 7RI E M
step size h, we have

Yk+1 = Y + PAyr = (1 + hX\)yy,

which means that

e = (14 kA yo Euleri: R Rt e
3L ohy b A A =290 i 2 SVl
If Re(\) < 0, exact solution decays to zero as
t increases, as does computed solution if Im(hA)

WA & 1

114+ hA| < 1, %%m%%

which holds if hA lies inside circle in complex Z :
. —eStability regio e(hA)

plane of radius 1 centered at —1 -9
If A is real, then AX must lie in interval (—2,0),
so for A < 0, we must haveih < —2/Xifor Euler’s Fnde-1, XA
method to be stable BT K 2
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Euler's Method, continued
KA Y = f(ty) BRI E M !
€1 = Yp1— y(tkﬂ)
=Y, T hkf(tk ’ yk) - y(tk) - hkf(tk ’ y(tk)) - O(hli)
=e, +h, [f(tk’yk) _f(tk’y(tk))] _O(hli)
From Mean Value Theorem, we have
FCryyr) — Fr, y(tr)) = Jr(tr, &) (yr — y(tr))

for some (unknown) value &, where J¢ is Ja-
cobian matrix of f with respect to y

Im(Eig(h,Jy)
So we can express global error at step £+ 1 as

ep+1 = (I + hyJg)e + O(h})
Errors do not grow if spectral radius —&Stability regio

p(I_I_h‘ka) <1,

which holds if all eigenvalues of Faka lie inside
circle in complex plane of radius 1 centered at EuleryE
-1

e &1
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Global Error and Local Error

I R B TiRE

e Global error, which is difference between
computed solution and true solution deter-
mined by initial data at {g: -
AR R E

er = yYr — y(t)

e [ ocal error, which is error made in one step
of numerical method:

Eﬁﬁ%ﬁ%:%
€, = yp — up_1(tg), X — 2 HIRZE

where uj_1 is solution through (tp_1,yr_1) Eﬁﬁ:ﬁﬁ@ﬁ%@
AIEE T, 58 2H
py = |
Global error is not necessarily sum of local er- ﬁﬁi@}ﬁ
rors
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Global and Local Error, cont. SoF AR R B ), Bk
FEERTHAERBREZ M.
y FasE I 1

v Bk, REERNTEE
CEE S

v'=-v 4, = ORPYy, —fitth
| A e, = O(hP),
hA K

= | global error

-

to t1 to t3 ty
N A 53 2 A)
Accuracy of numerical method is of order p if (— A REFE SRR 2E)

=0y <c-nr 4n RN

Local error per unit step, £/hy = O(h}) R 15 pBr i B
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Example: Euler's Method

BUE 55 IER
Applying Euler's method to vy’ = Ay using fixed
step size h, we have y, =y, , +hiy,
SRR £, =y, —uy, (tk) =(1+ hj')yk-l - .Vk-leﬂh
N2 (h))3 P AL R
A =1 g AT ()T o
2 6 br./hy, = O(hy)

FrOA - £, ~O(°) , H1B e

For general ODE vy’ = f(t,vy), consider Taylor
series

y(t) + hy'(t) + O(h?)
y(t) + hf(t,y(t)) + O(h?)

y(t+ h)

If we take t =t and h = hg, we obtain

y(ter1) = y(tx) + hif(tr, y(t) + O(h2)

Wenjian Yu 30



" A
Euler’'s Method, continued

Subtracting this from Euler's method, we get

Yr+1 — Y(tpt1) o |
[y — y(tr)] + (BARIRZE =4I

Rilf (b yr) — F (ts y(6))] — O(RE) gi;)ﬁ%ﬂﬁﬂﬁ

€r4-1

If there were no prior errors, then we would

have vy, = y(t1), and differences in brackets on jJE]\%%E%B
right side would be zero, leaving only O(hﬁ) L) 32
term, which is local error

T his means that Euler's method is first-order

accurate X AEART i8] L Euleryx 33 A L BE
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BUE KA ODE-IVPHY 2P K HIIEEL

X} 25 5E [ BN IE T RISKAE 7125, B e,

e, Z [AIFIR AR S growth factor I + hyJ; !
RHIRE “WMKEF” , RI\REAT K

o e SR AR B KB PR 3 4 h< =27
yfmmﬂk1
HPRIETHE R, FRYE R RR
ERFEE LK

With Euler's method, for example, local error

is approximately (h,f,/z)y”, so choose step size

to satisfy

Nl

tol A il J5 5B
hi < /2 tol/||y” | WE B
We do not know value of y”, but we can esti- ‘ L et o
mate it by difference quotient 7(37:7/{“%5&%’
o IR
oy~ Y — Yr—1 S B

b — tr_1

vvenjian yu 32



y,e“ ™" =y e” (cosht + isinbt), a=Re(A)
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