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f(x,)= min f(x) ‘k

span(p; ...py )
Krylov—=3 [ &A%
s BT IAR R

s Krylov¥%5[d], Arnodiid &

s FOM& %, GMRESH. 1
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min HeH
span( py ...px )
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Healia
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Xp =Xy TOL Py
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General Projection

Method




— WX 5% 7 12 (projection method)
A KRS EIEAEEER AR AR T, AT

el I IE - A0 i
EABEEERPENTF

*|8] (subspace)H F kT FEAx=b

E’Jﬁflﬁ@(m%mﬁfj\ Bk 2= B /NI UL IFH%_'J:)
FEH MBI F 2 HEK : 8RR P 87 =5[]
T R 5 S KR ..

T, BRI RRE IS 7’9m/|\157“%’%1¢

(orthogonality condition), E[l

M & (KR —F < EL)

ZKb-AxEEH TmAEMET R

X Lk 2 A g R A Petrov-Galerkin conditions, BtGalerkin

E AT BB (orthogonal) v, 75 M)

JR
HL=K, SFHRGERAL
AN (oblique) V-

Wenjian Yu
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m V=(Vy, Vs, ..., V), W=(Wy, Wo, ..., W), AnxmFIERREERE,
icK=span(V), L=span(W) , NEHZEH:
F# xeK ,f#7% b-AxLL;
=BV, WA FH, Xxe x,+K ,suchthat b- Ax LL;
R I T RE:
Find z = 29 + Vysuchthatb — Az | [  leadsto

(b- AX, - AVY)'W =0 wmb 2 =20+ V(WTAV) W Ty,

XA LER AT (R LIRKIE R N ) » EE

= —t | 2Ry 3N

||b—A || 8 /]>

Wenjian Yu S
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ALGORITHM 5.1: Prototype Projection Method

[. Until convergence, Do:

2. Select a pair of subspaces K and L.

3. Choose bases V = [v1,...,up] and W = [wy, ..., wy] for Kand L
4

5

r:=b— Ax
5 = (WTAV)'WTr >
6. w:=z+Vy
_ 7. EndDo -elT AT
HIFE WTAV T RER 5 WTAV = © |[e - e,]
Example 5.2 As an example, consider the matrix _e; A_
A:(O I) WTAV), =ef Ae; =0
T i i,]<m

where [ 1s the m X m 1dentity matrix and O i1s the m X m zeromatrix, and let V =W =
[e1, €2, . .., em]. Although A is nonsingular, the matrix W7 AV is precisely the O block in
the upper-left corner of A and 1s therefore singular.

Wenjian Yu 6
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m 7Ex, + KEGS T x* P PUE(x = AX= bﬂﬁ@ﬁ%ﬁzﬁ)
m wK=span(V), V=(vq, Vs, ..., V,,)) / i
m EL %= x,+Vy, mlon*—xH /XWJXK/
BRTHE (x*—%) LK ==V (x*-%) 20 /7,
—\/ VY =V (X*—X,)  TOIEKAR! A AL=K
ATEH (X*—X) L, Kmmmb (v, X*—%), =0 —»VTA(X*#'%)zO
= \/TAVY =V T A(X*—X,) =T Ay =V 1
m iE2: X = x,+Vy, min|b- AX|
BRIRTEE: b— AX L AK e
(AV) (b= AR) = 0 p-
(AV)' AVy =(AV)' r, ——-- »L=AK

Wenjian Yu




ﬁﬂlilﬂ /'?/ L

n JLPEHIRE R >
PROPOSITION 5.1 Let A, L and K satisfy either one of the two following conditions,
t. A is positive definite and .= K, or Hint: B=GTVTAV, VTAV A IE B &

#1. A isnonsingularand L= AK B=(AVG)TAV =GT(AV)TAV
Then the matrix B = W1 AV is nonsingular for any bases V and W of Kand L respec-
trvely. No breakdown

PROPOSITION 5.2 Assume that A is Symmetric Positive Definite and L= K. Then

a vector I 1s the result of an (orthogonal) projection method onto K with the starting vector
xo 1f and only if 1t minmimizes the A-norm of the error over xg + K, 1.e.. if and only if

E(z) = min FE(z), where F(z)=|z—z ’ =(z-2 ) A(z—2z")

rETp+ K | Ila
Hint:  @z=x,+Vy WE(@®)=y"VTAVy-2r"Vy+.. 5CGES&r
manE(m) — mln(yTVTA Vy-2rVy) < VTA Vy-V'ir, =0

V" (AVy- 'ro) V' (Az-b)=0, ABEITERRE

Wenjian Yu 8
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n JLPNHEIRZ 8 (cont’d)

PROPOSITION 5.3 Let A be an arbitrary square matrix and assume that L= AK .
Then a vector Z is the result of an (oblique) projection method onto K orthogonally to IL.
with the starting vector xg 1f and only if it minimizes the 2-norm of the residual vector

b— Ax overz € x9+K, Le., if and only if
R(z) = min R(x), where R(z) = ||b — Az||>.

rcxg+ K
Hints: &z=z,+Vy | R(z)=y ' V'A"AVy-2r] AVy+..
erT;:DKR(a:) S mln(yTVTATA Vy-2r, AVy) o VA" AVy-V'A'r, =0
oSVIA"(Az-b) =0 (b-Axz)" AV =0

GMRES®:

Wenjian Yu 9



One-dimensional projection processes

K = span{d}
and — 4 723
I — Span{e} #E 1 7% |]

Then z — x + ad and Petrov-Galerkin condition » —gAd L e yields

o = ({% (r—aAd, €) = 0 4
Three popular choices:
K=L

() Steepest descent. A is SPD. Take at each stepd = r and e = r.

T — b —_ A;I: — - w
i ’ B/MEIRERATE S
lteration: | o < (r,7)/(Ar,r) 7

T +— x + ar

B/ME f(z) = %mTAa:—bTm

w Each step minimizes |z — x*||%4 = (A(z — «*), (x — =*))

in direction —V f. Convergence guaranteed if A is SPD.
Wenjian Yu 10




" J
() Residual norm steepest descent . A Is arbitrary (nonsingular). Take

at each step d = A”r and e = Ad. L=AK

_ (r.e)
& = (Ad,e

r«b— Ax,d = ATr

a — [|d]l3/||Ad] T —
62— 2
= ST BRI B

- -
-
-~
-
-~ -
-~
-~

lteration:

-—

b 1T R B /)
»w Important Note: equivalent to usual steepest descent applied to

normal equations AT Az = ATb.

w Converges under the condition that A is nonsingular.

Wenjian Yu 11



(1) Minimal residual iteration. A positive definite (A + A’ is SPD).

Take ateachstepd =rande = Ar. L=A4K o — gr}el
(Ad.e)
r+«—b— Ax,

lteration: | o« «— (Ar,r)/(Ar, Ar)

T +— T + ar

w- Each step minimizes f(z) = ||b — Az||5 in direction .  FKE

w Converges under the condition that A + A' is SPD.
Gau ss-SeideIﬁ?%&ﬁfﬁ%)&%—éﬁﬁ%ﬁ@ K=L=span/e,|

(k+1) | (k+1) | .
N B (b - 3 aijej TV - Zwﬁ”) fa
(I;+1) (I;+1) J <t “? >1
wz—l — wz—l

26D (b-AX"D) =0 mup (RED) ¢ =0  —4EBLHEN]

a:é"’) mék) *é&i‘%%ﬁ%[‘ﬂ, x ) — x® (mgkﬂ) _wék))ei

Wenjian Yu 12



Krylov Methods —

Arnoldi Procedure




Krylov+ 28] J7{%

Choose two spaces of dimension 1 <m < n, K,, and L,,

Petrov-Galerkin methods solve Axr = b by requiring
rm € x4+ K,
b—Axr, L L,
A Krylov method takes
K, = K(A,rg) = span|rg, Arg, - -+, A™ 1]

which 1s a Krylov space.

Wenjian Yu
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Krylov+%% 8] J7 {4

Approximations are produced of the form

A7 ~ 2o + g1 (A)ro

where ¢,,,_1 1s a polynomial of degree m — 1.

The methods are strongly related to the choice of the constraint space.

Three cases are of most iterest

L = Ky ig’%%%A?ﬁﬁ%d\(”ASPD)
L, = AK, BRI R ) ZYu B

RS —

=

X
FBEH

3
Ll |Irn|l

EXTFR AR e L= Km(AT, 7’0) Lancozs#!
M2 SR RIS

Wenjian Yu 15



" A
Arnoldi Procedure I

let A € R™*™ be nonsymmetric and consider producing an orthonormal
basis for Kom (4, v1) Krylov T2 I BT IERCAE,

KB F Gram-Schmidt EAfL it 72 BIVIERE: V,, =[v, -0, ]
vy 1s such that [|vq || =1

forj=1,...,m D>
z «— Av; ™
T . .
Compute 7 = v; 2 fori=1,....,7 >aAArmoldi-MGSFt#:
Wi« 2 — Zgzl ViNij p Compute w; := Aw;
_ Fori=1,...,7 Do:
Ni+1,5 = |[w;l|2 - _’(ﬂ..’i.) °
: L v — Wy, U
1741, =0 SIOP wj = wj — hyjv;
Vit1 = WiN5400 ; EndDo
end for
THEE: nmPIRREEASZ BINEIRE);
IR FE K 0] 2 el

Wenjian Yu 16



" A
‘ Matrix Form I

z = sz’nij +wj

i1
Avj = U T O] T T U, TV 000

A =L MR — —
A Vm — Vm+1'ﬁ-m ; . \

m

iiﬁ@éﬁfﬁ " m+1,mEm berg¥EfF H,, =
=V H_ +w_e.
. ) ‘ H AJikk, BTL
Arnoldid FEe —AMER LA L Hessenberg

HIERE H, 1)—51

Wenjian Yu

m+1
:(V "Um+1)[ H,, T] ¥ K FHessen-




Krylov Methods —

Arnoldi (FOM) Algo.




Solving Systems with Arnoldi

Recall our prototype projection method A1 5 SR FE TE AT B v
x arbitrary; K,, f,]Lm = K (A, 70)

do until convergence

end

Select V and W
' ,=b—Ax

' solve My = W7 rwith M = WT AV !
r=x+ Vy |

Construct V;,, , Where v, = TO/HTOH

r» —h_ A

IO — U AL

solve My _ =V 1 with M = VLAV,
— Vm m 25 >

v my B AL L2

Wenjian Yu
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AV =V H +w_e.
VAV =H_ _EHessenberg#EF4
w ,B=Hr0H2 e =v,fB

an Ty = V,,: vp=epf AN Vi
\\ |0
FRWITTFE My, = Vr, $67o0 0\ Vo=

e
#EFE Aymxm -

_____________________________

0] RB st R m B
AT AZEArNOldi TR P EhAHEmM ? Bl 76 T2 1A 48 B 1 K B R
I 3T o TR S WA 7 R YRR, T SR VR U £ 138

XA, FEFEHHERE |, |, TARKKRY,, €, 85T, =b-Azx,,
7] X1 JR BB 7 12 T RS JZ I

rm

Wenjian Yu 20
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A, HOR L T R A A

b—Axr,, = b- A(T-D + Hn@hn)

MHAV =V H +w e’
= 10— AVinm =V H_+v e’

m+177m+1,m m

‘ T
= - (HH-HTH- + t:’-m.+le-m'f??:rl.+1,?:rl.)y?n.

o f T .
= 10— ViHnym — vm +1€ 0 YmTm+4+1,m

— 1y [ s . T .

= v —Vyae13— Um+l(€-m_ym f?—m-}—l,-m)
T

— _U-m+1(E-my?rt)'fi"-m+l,-m

. T
'm|2 — |€m Ym ‘nm—}—l .m

EmArnO|diﬁﬁ’ %ﬁvm’ E:T‘j“%:m’m’ %Ei+%:wm(ygvm+1‘{&%)
o WEER, Wy =0, EFENH AR, SR
A0, KEFEFRY,, , BT EAKXTERRFIKN,

i REHETHN Y, /FE Yo WEERL, BAHSHEFEBMR
Hm+1ym+1 = eferl),B Eﬁj‘z%?

Wenjian Yu 21



Incremental Form '

________________________________

jﬁﬁ@ H yjﬂﬁ%)ﬁ —/\ﬁj\% B AT T SRR R,
BATEM Ry EE— I 2E?

EidArnoldid A Dj+1, WA EMRE |, 2
FRNBlw R EKRE, aTrEmE Ly, EmEx,?

H.y. = el(j),b’é Hjij:Hessenberg%E%

MR FEMREGEREE E=A5ERE, )3 jn) 735 #5100 7] 17 £# !
BN Givens g ¥ H R BE RS K - = AP,
FRE 2+ LEREFREMARERFER, B2Incremental &%

Wenjian Yu
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Consider j = 3 H, G,G H, Hy,=e9p
______ i__b___*___ﬂc,_i [ Wl il
Gl (3)
SR eslauuluios gy A b il Sl [] :+c:" :|::" G2G1H 3y3 — G2G1€1 IB
G I R 0 0 « RBE 5182y, &
A4
0 0 « 0 0 = 3 -
|=41, i 49 v | F a% /BG,G’E
=AY %_iu'ﬂm YEHR ﬁ_iﬂ?ﬁ%ﬁﬁ_ﬂél ERG, Moo @ w56, 6,
___-__;-lq:f___;-:.:{___:kf__,,';{c:\\ :-::Jr :-::Jr :-::"r p}c:‘r g&%*ﬁanlVenS
Gl’ ': :' %EM?" /\ZEQEFEFK_‘
______ ::::::ﬁ::::-.:":::::ﬁ“:':')(}{c:}( 0 ' ' %
G ] _-ﬂ-___O----nk‘_'-.l‘\ﬁ,': — 0 0 = « .
G,G Hy, =
0 0 : 0 0 GG le®p
0O 0 0 = 0 0 0

Wenjlan Yu 23



\j%j+1l

G.G,G 'H,y, =GG,G, ep Ry, =G,G,G,/ep
B RS

0 " " & 0 « « & g%iﬁg%ﬁji
---------- OOl | — 0 0 =" "
Gs | L 0 0 0 «

0 0 0 = 000 0 x|, =\w).] s

j=>j+1 i Eete. Arnoldict A By HAERES- 01— &, d& DL e

) LRI THFE=E N . TAL /| LAV IPDLTTAYI HI 3% I EANN

nlflfl Give
@JJX/\%WU BHE— 1 Givens g #1453 213 ) _E = A 5 RERT A b ﬁ

AR RN RERE, HEKE L =/ATESIENy
s, REFHFEER VEEMEERE z=2,+Vy

Wenjian Yu 24




4.
3.
0.

Iuj’{]:ﬁ]ﬁ&ﬁ rg:=b— Axu r ﬁ —||3'|]||s
vy =ro/ B FIGN H AZEHE, dAhy —ERE;: j:=0;

While r > eps, do // Arnoldi-MGS H BRI E & 400765
a) j=j+1, EEHI K97 —F:
b) I j=1, d; =, Else ¥d¥ K—4EHH 0);
‘;3; i_; ‘i"zf 1 » PRI R .
hij:=v{z; z:=z— h;v; dﬁ?glﬁﬁlﬁ’gel :
¢) EndFor epsﬁﬁfﬂﬂfﬁ’ﬂﬁ%isﬁ i
f) wji=1z: hy,q;:= ||wj|| (@_%_/h_ﬂﬁ_@_{_g_n_-_“-j
g) Ifh;,,;=0, stop;
]1) vj+1 _;!zh}+1_;
i) iﬁh 1<i<jBEANEFRFEHSE
i Ifj ?” 1, /TN Givens JERAF#:, {LHA E=M%FF
For k=2,..,j—1,
FMZHc,_q, s, FFTNH) Givens IEFAE#THEEHES j 3
EndFor
W HZ2¥8c; 4 s, 1, HHXMN Givens JeHZ#{EA THEERH;;_, = 0:
FEMZ%cj_1, sj_1 X LK) Givens R 2 TFEMEHE j-1,7 51, LL & A fd:
EndIf > = vy, L
k:l 7= l::dij_H)h_;+1,j! _[/‘l_‘%:%\ ﬁﬁ%i
Vi=[vy,05 -, v); HRIEAR I — I R ) BT
T LR Ry = FRERKH. BT (04)

xX:=xp+ Vy.



FOMBEIERIT
ﬂ—'lmfﬁj(ﬁ’vj

-HENfFHE

AREMHI I KME R, HH

A] B ) IEAS T 52 Bl i N iR 22 52 M)

1. xo HHIEE#E, 1o:=Db— Axg: 1, B = |[roll:
2. vy:=ro/B: VIMEAL H AZHERE, dh —HEmE; j:=0;

E..H

4. V := [vl, Vg, -
3.

6. x:=x5+Vy.
7. If r = eps.

. (FIFOME.)

11"’;]!

K L=AaH TE4AHy = d;

While j < m && r > eps. do

Xp ‘= x, go tol, EndIf.

r O feh b
EXHH WA A

ﬁEE#ﬁﬁ?ﬁﬁA,NMM IREFSER, EHMAERERTR, Fiki

AT A “ Bt

EP%E‘” '

B AIRGIXA 1] L

Wenjian Yu
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Krylov Methods —

GMRES Algo.




" B
Krylov+ 2 [8 J7 %

= _‘ﬂﬁﬁﬁﬁﬁ/ [:E/Jﬁ/ KrylovF=3[8] 7%
Km =IC (A, 1)

———————————————————————————————————————————————————————————————

Select Vand W for subspaces K, and L,

=b-Ax
Solve W 'AVy=W'r,
x=xAVy
End \
N%DA”‘O'C“ A, L, =AK = (BDFEIRE)
=b—Ax
SRFAArnoldid MK, M ARER Y, 2 v =1 /|5
Solve WTAV Yy :T)VT’O ‘rh nf — AV
T=a- mem \
> A fRi AR A 2
m i W BU{E ?

Wenjian Yu 28



When L = AK , we let W,, = AV,,, and obtain relation

WIAV, —(AV)TAV

l AV =V __H_  (Arnoldiid#s)

‘F_I'Z;‘F_Imym = ﬁZzIBel
Wy, HEA—RABH y = fe i

W R AndEZS BEVARTE A RATEA NEMEHER?  (9)
SRR FEREA, AT “SBEFR (?)
jp-Az,|,= min |b-Az], PSRN (R

Generalized Minimal Residual (GMRES) method [1983]

Wenjian Yu 29



WM T By = fe,

p

NIl ‘\S§§\ 0
Hessenberg4b [ Ym ;
; 0

w1 AT SRR ?
QRAMi#, FIFGivensie ik H A L=
w2 oAty R m A 2

—IEEJJ*%%m? ArnoldidEFM—MER T, F
TR R —, WNBEMENEyY, , ., AR

EZELm/)N, MR L%/ N{E IR Km.
FENEHHE .|, TAERKRy,, o , BET, =b- Az,
] 2= 1 R T - 7 i [ B I HE T

Wenjian Yu 30
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» Rotation matrices of dimension m + 1. Define (with s? + ¢7 = 1):

(1

\

)

1)

+«— IOW 12

— rowz-+ 1

w Multiply H,, and right-hand side g, = 3e; by a sequence of such

matrices from the left. » s;, c; selected to eliminate h;_; ;

Wenjian Yu
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'._
(h11 hi2  his

Example: hot

=
|

» 1-st Rotation

with

hoo hos
hsa has

\
ha1

S1 = .
F T RE T RE,

Wenjian Yu

o o o O O
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( hi] hi) hiy hiy  hiY) [ e
1) has has hay has ~ 0
H*rn — ? g1 =
his has has 0
hss  hss 0
\ hgs . 0 )

»w repeat with G,,..., G, . Result:

h® G R RE RO, vy
hy) hiY YY) b 7
a0 _ iy RE RE | |
50 5 L6 |0 BT
his his
LR RHEET, X RO
#&3 (incremental)
sHiE \ 0 ) \ Y6 /

Wenjian Yu



" J
Zid PATGivensZe e, B/ RRBENH ™y =g
e H™ g, BEImAT 3 HAR_FG,,. , NE 52
R.Y,.=9, (R BB _b = 77 )

SR UG T TR R

b—-Ax_ =b-Ax,-AV_ 1y B,
=Ty — Vm+1H mYm - Az, |, =|se,~ H,y.],
=vp-V, . .H.9y,. ?
=V, 60— m+lH Y ] ‘ymﬂ .
V. (Be,—~H y ) 18 90m =Yoo > Vim> Vinsn)

AArnoldild 2 i, BEWREHA?

AT BB 5 —IKEs
h’m+1 m O Z_\‘%HEA Vm m+1H
| ( )=>ym+1:O’ j‘l[:tﬁﬁ“é%j"]o!

Wenjian Yu 34




"
Sy i S Gl Y i
-31: %[;111]1: jﬁf:_:;n{ :;: ;y > eps,do  // Arnoldi-MGS i 72 i) [ -5 S 753

E::Ip {f ?;1;: f?jab 2x1 5F%; Else $HE K—1T. —3;

0 z:=Avj; yARI R ER s,
d Fori=1,..J g A B /> 3R ) U Y I ;

hij :==v;z; z =z — hv;; : S | B 56 :
o Enaror epsHHINRART LM
i) W; = Z, hj+1.j = ||WJ|L l{}_@_@ﬁl _____________________

g:l If h}-+1;_l- '=0, ’ﬂ"j+1_ = w_;flrh_;i-l.j:-
h)y ¥hy1<i<j+1,BENEFEHNE ;|

i) Ifj=0, /HEMN Givens B3, {LHAY =M
For k=2,..,],

HimBBer_1, sp-1 PR Givens BE B M THEREHE j 51;
EndFor

WH B8, s;, HHMMN Givens BEZRIEH THE{ESH;.1; = 0;

HmBHc;, s; % M) Givens JERZHRTERERE 5|, DR kg
EndIf

5 EZTEELHZ[{.T_]]'.; WHEE. FiEE(FFOMAE)

6. R E=MEBHFBEH:], ]y = g[1:]]; B RIER T —IRFERE N BT

1. x:=x5+Vy ; vp iy L 0 ¥Te (N
8. If y=>eps, xy:=x gotol, Endif ]{J\ﬁip‘jt\\ ﬁ&/\ (n,’@)




" JdEE
H5FOM&ZE—FE, GMRESHITTHE EMEEEHBEIEA
SEHERTMEAR, FH, ZRKN R ERIEAER
B4 N iR ZE R

HIR). mA"ERF” BE ; MR ERINERIRE.

BRI IE2:

“E 351" KIGMRES, BIGMRES(M)&#: (L

SWTArnoldit FE 9 K IEAS T FE

(Incomplete orthogonalization)

I3 I TAMHIR, B sk A ) R B RE P 7S
I GMRESHE I SIGE 2
TS

1.ELENIRE, GMRES(co)EIELENE— BRI
2.EHELENRE, HAEXE, NGMRES(M)HEEWSL.
3. M—FEREA, GMRES(M)EEIFAEIFREL, TRH

/N AT e

{5 i

i

Wenjian Yu 36



O
ALGORITHM : GMRES — No preconditioning

1. Start: Choose xy and a dimension m of the Krylov subspaces.

2. Arnoldi process:

e Compute ro = b — Axo, 3 = ||ro||2 @and vi = ro/[.
eForj =1,....mdo

— Compute w := Av,
hi;:= (w,v;
—fori=1,...,5,do! "’ (w, i) ;
w = w — h;,jv;

hjt1a

e Defne V,, := [vy,....,v,,] and H,, = {h; }.

—hji11 = [|wl|2;vj41 =

3. Form the approximate solution: Compute | x,,, = xo + Vimym

ym = argmin,||Be; — Hnyl|2 ande; = [1,0,...,0]".

4. Restart: If satis£ed stop, else set xy +— x,, and goto 2.

Wenjian Yu
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] e ———
ALGORITHM : GMRES - with (right) Preconditioning

AM 1y = b, with z = M 1w
1. Start: Choose x, and a dimension m of the Krylov subspaces.

2. Arnoldi process:

e Compute ro = b — Axy, B = ||ro]|l2 @and vy = ro/3.
efFor; =1,...,mdo

~ Compute z; := M~ tv; T ZETFAFZ 4t
1. 55 In] A 38 R
2. Gy THi&Flexible

— Compute w := Az;

h; ; :1= (w,v;

—fori=1,...,5,do:{| "’ (w, vi) Fig&At
w = w — h; ;jv;

—hjt11 = ||lwll2svj41 = w/hji1a

e Defne V,, := [v1, ....,v,,] and H,, = {hi;}.

3. Form the approximate solution: Compute |z,, = o + M 'V, ym
Bei — Hyyl|l2 and ey = [1,0,...,0]T.

where y,, = argmin, ||

4. Restart: If satis£ed stop, else set xy +— x,,, and goto 2.
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ALGORITHM : GMRES — with variable Preconditioning

1. Start: Choose x( and a dimension m of the Krylov subspaces.

2. Arnoldi process: Flexible GMRES

e Computery, =b — Axy, 3 = ||10||2 and vy = ry /3.
eFor; =1,....,mdo

N1y A
— Compute z; '_“Mi/’w ; Compute w := Az,

- —

h; ;= (w,v;
—fori=1,...,j5,do:{ (w, v:) :

w = w — h; ;v;
—hj1 = ||w|25v01 = w/hjii

e Defne Z,, := [z1,....,z,,) and H,,, = {h; ;}.

3. Form the approximate solution: Compute| x,, = ¢ + Z,.y.. | Where

Ym = argmin, ||Be; — H,.yl|l:ande; = [1,0,...,0]L.

4. Restart: If satisfed stop, else set x, — x,, and goto 2.

Wenjian Yu 39



Properties

e ,, minimizes b — Ax,, over Span{Z,,}.

o If Az; = v, (i.e., if preconditioning is ‘exact’ at step j) then ap-

proximation z; is exact.

o If M; is constant then method is = to Right-Preconditioned GM-
RES.

‘ Additional Costs: I MSaadfids, §94.1

e Arithmetic: none.

e Memory: Must save the additional set of vectors {z,},—-1.....

‘ Advantage: IFIexibiIity
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/NG

m LT Arnoldiid F2 1) 771
FOM (L =K =K (A r,), f#HFE H,y,=Pe, Hh:hhr)
GMRES (L =AK,, f#g/h=AE H.y,=Pe )
m SCHEOR
Arnldi-MG St 74
i Givensjiig fflincremental J57%, F4&1HHE
e S AW NN R R Y AE SN
Restart: GMRES(m), # ¥ 1EAC AL,
Precondition

Wenjian Yu 41



