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éﬁé 1. 5 J{]Yi (Stationary Iterative Methods)
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S J{ﬁ% (Stationary lterative Methods)
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Steepest Descent

Method
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Steepest Descent in TARMALIRIE: K f(x) B 5/IME
L , L CUCEEEEH
* Here's one way to minimize a twice continuously

differentiable function of several variables f : R" - R
* Pick a starting point x,
» At each #» compute the gradient V/(x,)
= The search direction will be p,=-V/f(x,)

* Find the step length ¢, ie. how far to go along p, , by

minimizing g, (o) = f(x; +opy) A R Bk B ME
" Set X, =X 0 p,
» With the appropriate conditions (e.g. f Is a convex

function or x, close to the minimizer x), can show that

limz, =2
k>0 Ch T RIAMEE, Ao, BRERMEE

_______________________________________________________
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For symmetric positive definite matrix A

3 2 2
f(x)=§x1 +2X X, +3X; —2X, +8X, B VI(z) L%
A GIDAEIECS e o NaE]
PRE(E 1 K TR BT A iR

Graph of quadratic form f(z) = % TAz — vz The
minimum point of this surface is the solution to Ax = b.

2010411 H11H A2 from J. R. Shewchuk "painless CG"



Gradient of quadratic form

SN
N

W

B — T F8 7 [ 37
L
~AA T

SN

f ‘/fé
Bai Irf;;;:m
)‘__*_2‘_ x 5)‘4/'/";7
oy PR
i
///I// / _ '/'f"} Ty

The points in the direction of steepest increase of f(x)

2010411 H11H A2 from J. R. Shewchuk "painless CG"



Iterations of Steepest Descent Method

1 32| X
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Steepest Descent for Solving Ax=b

= |f f(x) =%ITAI—Z)TI, then OB T 18] BB 22 )
P =—Vf(x)=b-Ax, =1,

* Note that the search direction equals the residual

» So g, (a)=f(x +ar)=1(x +ar) AX +ar)-b" (x +ar)

Ka, fH0,..(a)iEm/ME KB

» Differentiating once, we get g;. (@) =or Ar, -7 1,

= Differentiating again, we get g, () =1 Ar, >0

* So the minimum Is attained at g, ,(¢,.,) =0, Ie.
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o
Steepest Descent Algorithm

= Note again that p, =1,
Input: x, =0,7, =b

Output: approximate solution x,, when r,, small enough

tork=12,3,...

o~

T
v T
_ etk ,
o =—; " (step length)
) P14
X, =X,_, +00L1,_, (approximate solution)
v=1,_, — 0, A, (residual)

= Computational cost:
« One matrix-vector multiplication per iteration

» Two Inner products per iteration TEIR R B ==,
« Storage: v EER
o Three vectors of working storage ESEA

o Static storage for A (ie. no need to modify A)
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Steepest Descent Algorithm
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" A
Example using steepest descent method

0.5 0
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Conjugate Gradient

Algorithm
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Example: Laplace equation on unit square

= 0

(7
u,+u, =0, 0<x,y<1 A1
5-point 2nd order centered-difference 0 0
scheme:
- |
u, . —2u. . +u. . u. .,—2u . +u ., °©
i+1.; .FZ.JF i—1.j n i, j+1 ;.j i,j—1 _ O.J I.jj _ L
h h
n=2: - Y
‘4 _1 _1 H]J O 'l
-1 4 —11| u,, 0 ¢
Ax = = = 0
_1 ‘4 _1 Hl_z 1 L
i -1 -1 4 ||u,, 1
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Example: Iterative Methods

We illustrate various iterative methods by using
them to solve 4 x 4 linear system for Laplace
equation example

In each case we take g = 0 as starting guess

Jacobi method gives following iterates:

L]

L2

L3

T4

OV ~NOTO P WN- Ol

0.000
0.000
0.062
0.094
0.109
0.117
0.121
0.123
0.124
0.125

0.000
0.000
0.062
0.094
0.109
0.117
0.121
0.123
0.124
0.125

0.000
0.250
0.312
0.344
0.359
0.367
0.371
0.373
0.374
0.375

Wenjian Yu

0.000
0.250
0.312
0.344
0.359
0.367
0.371
0.373
0.374
0.375
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Gauss-Seidel method gives following iterates:

Example Continued

r1

2

L3

x4

oW~ Ol

SOR method (with optimal w = 1.072 for this
problem) gives following iterates:

0.000
0.000
0.062
0.109
0.121
0.124
0.125

r]

0.000
0.000
0.094
0.117
0.123
0.125
0.125

P,

0.000
0.250
0.344
0.367
0.373
0.375
0.375

L3

0.000
0.312
0.359
0.371
0.374
0.375
0.375

T4

g WK~ o=

0.000
0.000
0.072
0.119
0.123
0.125

0.000
0.000
0.108
0.121
0.124
0.125

0.000
0.268
0.356
0.371
0.374
0.375

Wenjian Yu

0.000
0.335
0.365
0.373
0.375
0.375
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Example Continued

CG method converges in only two iterations
for this problem:

I o Ir3 ra
0.000 0.000 0.000 0.000
0.000 0.000 0.333 0.333
210.125 0.1256 0.375 0.375

OB — F JLFIEAE R A 2

= O &

S b F b 33 A
Jacobi:  L(k+1) — p-1 (b _(L+ U)m(k)) %%(%?fﬁaﬁx‘
G-S: c*kt) = (D4 L)1 (b— Uﬂ:(k})
SOR: 2+ = (D +wL)™((1 —w)D - wU)z®
+w(D+wL) b
CG: o BB SR 1
(REPIEAR, — KRR 1 BR) A o e
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102, 103, 104, 105, ...

102, 104, 10%, 10%, ...

102, 103, 10, 10%, ...

102, 104, 108, 1076, ...

=C

Linear, with
c=10", BB IRINIIGE
c=102, TR0 FFRE
(SHZIY
PR3

c\\ R/

=—log,,(C)

34

Rate of Convergence

For more systematic comparison of methods,
we compare them on k x k model grid problem
for Laplace equation on unit square

For this simple problem, spectral radius of it-
eration matrix for each method can be de-
termined analytically, as well as optimal w for
SOR

Gauss-Seidel is asymptotically twice as fast as
Jacobi for this model problem, but for both
methods, number of iterations per digit of ac-
curacy gained is proportional to number of mesh

points 1/R

Optimal SOR is order of magnitude faster than
either of them, and number of iterations per
digit gained is proportional to number of mesh
points along one side of grid

vveTrTrarT Tu



Rate of Convergence, continued

Convergence behavior of CG is more compli-
cated, but error is reduced at each iteration by

factor of roughly W FR 1E R 4B fE
\/E _ 1 ﬂ“max

c= ——— K =
\/E + 1 ﬂ‘min
T his estimate is conservative, and CG method o~
PR 5F 1)
may do much better

If matrix A has only m distinct eigenvalues, mAMAERIEE
then theoretically CG converges in at most m fE{E
iterations

Detailed convergence behavior depends on en-
tire spectrum of A, not just its extreme eigen-

values, and in practice convergence is often
superlinear
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" A
Preconditioning

Convergence rate of CG can often be substan-
tially accelerated by preconditioning

Apply CG algorithm to M—1A, where M is

-1 AL
chosen so that M~1A is better conditioned M5 AL
and systems of form M=z = y are easily solved

. . . SE fas b R PRAERT R 1
Some choices of preconditioners include: SHEAEFEL-LAL TR CG

ﬁ;‘fg’ ;H\:EPM:LLT
e Diagonal or block-diagonal

Xt JRFIEBATE SIS

e SSOR B, AR MAE
o L4ERE, LBV 11.2,
e Incomplete factorization pp. 407

e Polynomial

e Approximate inverse
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CG ﬁ \}i — ?ﬁ %#I: Axi:b I;::A,\&I;(T: b

St Ax=b N HCGHE . Hebp=L" x=L"x
1) JinI%XO, ro=b- Ax0 S A
N !
%,=L"x,, f,=b— A%, =L ro,po—r
2) Xifj:(), 1,
fTF FTf T
o = 1 _ j ] i (up_:L—Tﬁ_)
' BTAD, PIL'ALTH, pjAp, J J
Xja =X, +“ij = X =X+ P
fm—f — o, A, =, =f—a L Ap,
rr
j+17 j+1
Fi= Ff

ﬁj+1 j+1 ﬂ pj — pj+1 =L TAJ+1 +ﬂj pj
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ALGORITHM :  Conjugate Gradient with Split Preconditioner
1. Compute ry := b — Axy; 79 = L 'ry; and po := L~ 17,

2. Forj =0,1,..., until convergence Do: \ p, =M —1r0
3. Qg = (Thj,??j)W M = LLT

4. Tjyr1 1= Ty — Py %W%L (L‘lrj, I__lrj) = (rj’ L_T!__lrj)
5 Tﬁj+1 . — ‘f-:j . (IJL—IAPJ / = (rj’ M rj)
6. B := (Pip1,Pip1)/ (%), 75) L' L, =M,

7. pj+1 = L1701 + B)p; é\zj = M7r. ?

8. EndDo

1) AW MEARICCHIE, BNIBND h BRI KM L

NN YNV | 1/t Az

AL RB L E T FEH A —IK
2) Bk A LB fa v, [HEE

Ll

S/ FMKICholesky )i
M-15 A1
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"
ALGORITHM : Preconditioned Conjugate Gradient

Compute ro := b — Axg, zo = M ry, and py := zg
For; = 0,1,..., until convergence Do:

aj = (r4,%;)/(Apj, Pj)

H5i#Xpp. 407
311,24 A

zﬁ’j = (?"j+1= zj+1)/(""’j= zj)
Pj+1 1= Zjy1 + Gip;
EndDo

A EEA T I CGHE
{2k b RR AL —

2) HER s, AEEFILEFEMEICholesky &
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