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Sparse Matrix and

Data Structure

With several slides from Y. Saad
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H2 R FEFE?

m JLAP e X/Hik
B 2 X AR/ RIAEFE TR (nonzero entry) KR RE

MEEHAE: R —4 m x nF5FECH O(min(m, n)) NE
FLER. XEWREEATAPIEFITH H RAN T

J. Wilkinson’s definition

= “matrices that allow special tech- |
niques to take advantage of the
large number of zero elements.” | ™
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» I
H2 RF R F
m R RE B A A AR,

Z5 1 TR (structural engineering),
THEmMAE J1%(computational fluid dynamics),

B EE {5 E (reservoir simulation),
H, 17 P 4% (electrical network),

R

.

1L

'fjt’f/t l\ﬁjﬁ(O ptimation), Physical Model
Google PageRank, l
{5 B E (information retrieval), Nonlinear PDEs
HL %45 B (circuit simulation), !
4 E (device simulation) Discretization
!
Linearization (Newton)
!

Sequence of Sparse Linear Systems Ax = b



» B
H2 R FEFE?

n MR FERRH) B B
A HEEREZFHEEITRE, SRR PATHEEIEH

B+ BN T EAEINFREOMM)IRIEHE, Kb
FEAFIBAEN, FTEO(hnz(A)+nnz(B))XKizH., nnz(X)4
RHEEXFIEZEITHIEH

ST H A K m ik 5 FE(PDE) KBS B 12, B BRZ42(FDM)
A FR JTVE(FEM), A BFEFERINNnz(X)A0(n)

(R 50 R B #5048 e A oo B K R R oo it
EE: MRAEHEY, B2HEHITHEERIFEMELAIU

gt B2 ul b /5T ah e A -1 EnSPé."_E_l. ; H PR 11
Rl e EMITILAY » 1BIZAEPFA 1H /i W gy

HAEF IO AT R, AR R AR SRy
(structured), FELEMALHI(unstructured)
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Connections to external power source

AR N
~SERR SI7
m 52 R AL FE R (7 L /%

)

\ / . l/a” lf”-.’:jrcmls
DCéJ *ﬁ *ﬁg EEIL 3H H é% I[ntegrated Circuit
R 3T S 5 R¥ H B AL LR I ) — BB 4
—RE mmmm% SN
mN=474524 A |
m Nhz= 2,020,882 15
m 7EMatlab®, 526M AN 77 ;
« BCHORRAEM AR
R t= 155
n FH4TCholeskys##, g
AR ol
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" S
A B RE A ) B 45 1

m AU A
A1 o B R P ) B9 5 i 0 R R i LR Bt

A (B P S (1) A R e 5 R ) O SV B T
AR ISR S

B2 PEIE SN, A —SSAUN oLk 1 7 R A FE
FEH, NHEBRBIETTH

ﬁ,MﬁE%ﬁ
s COO: coordinate, =Jud
s CSR, CSC: EERTAT(F)), BIA
m DIA: X2k
s BSR: 54T




AA|JR|JC

/1. 0. 0. 2. 0 12./ 51 5

3. 4. 0. 5. 0. 9.0 31 5

A= 6. 0. 7. 8. 9, r.. 3 3

0. 0. 10. 11. O. 5. 2] 4

\ 0. 0. 0. 0. 12. 1.1 11

2.1 1 4

» Simplest data structure - 11.| 4| 4

» Used in many packages as "entry’ 3.0 2| 1

format 6.] 3| 1

4. 2| 2

. L 8.| 3| 4
ﬁﬁ\ﬂ@mﬁﬁﬁgm,%?E%%%ﬁﬁ%%ﬁ%%&

HRCRBK .

Wenjian Yu
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" S
- Compressed Sparse Row (CSR) format

AAJA A
(1. 0. 0. 2. 0.) T T 1<l 1
3. 4. 0. 5. 0. 2 | 4

A= 6. 0. 7. 8 9 3 | 1=3
0. 0. 10. 11. 0. ; i I

L

\ 0. 0. 0. 0. 12.) s
» |A(j) points to beginning or row j 73 [0

in arrays AA, JA 6|4 /
9 | 5/ |12

» Related formats: Compressed 10 | 8 /
Sparse Column format, Moaodified 1] 4 1|3
Sparse Row format (MSR). 12 EF;‘_J

» Used predominantly in Fortran & portable codes [e.g.
Metis] — what about C?

Wenjian Yu 11



‘ CSR (CSC) format - C-style |

* CSR: Collection of pointers of rows & array of row lengths

typedef struct SpaFmt {

| C-style CSR format - used internally
| for all matrices in CSR/CSC format

e */
int n; /* size of matrix * /
int *nzcount; /* length of each row */
int **ja; /* to store column indices */
double **ma; /* to store nonzero entries * [
} SparMat;
mal[i] [*] —= entries of i-th row (col.); KHIMNEHFNF
jalil [*] == col. (row) indices,
nzcount[i] == number of nonzero elmts in row (col.) i

ZE{%%SSR ja, maZfeit $ 4 (S A K), Béinzcount K E

Wenjian Yu 12



*

N oA o
© ;N

© o w

*

11 12.

O © W =

0. 2. 0. 0.
4. 0. 5. 0.
6. 7. 0. 8.
0. 9. 10. 0.
0. 0. 11. 12.

DIAG(7, ) < @;itiof(j)

IOFF =[-1 0 2
B 0t LR R

Wenjian Yu



(RPREEEDISES SRR \
Block sparse row 1. 2.:0. 0.:3. 4
(BSF) 5. 6.10. 0.17. 8.

0. 0.9, 10.}i1. 12,

A= !

0. 0.{13. 14.{15. 16.

'17. 18.1 0. 0. :20. 21.
BATLLA (22 23.10. 0.:24. 25}
AT

9. 11.|17. 20.

. 3.
. 71.113 15 |22. 24. JA:LT1 5 3 5_1(5J/
A —

.110. 12.(18. 21. IA=( 1357

6. 8. 14. 16.(23. 25.

w Each column in AA holds a 2 x 2 block. JA(k) = col. index of (1,1)
entries of k-th block. AA may be declared as AA(2,2,6)

Wenjian Yu 14
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" S
 Sparse matrices — data structure in C

» Recall:

typedef struct SpaFmt {

| C style CSR format - used internally
| for all matrices in CSR format

D «/
int n;
int *nzcount; /* length of each row */
int **ja; /* to store column indices */

double **ma; /* to store nonzero entries */
}+ CsMat, *csptr;

» Can store rows of a matrix (CSR)

» or its columns (CSC) 4 e 5 1] B P T

» How to perform the operation y = A % x in each case?

Wenjian Yu



" S
- Matvec —row version

void matvec( csptr mata, double *x, double x*y )

{

» Uses sparse dot products

HEE: nnz(A)RFRE n

int i, k, *ki; CSRIFf#E#E =\
double *kr
for (1=0; 1<mata—>n; i++) {

yl[i] = B B
kr = mata->mali]; /[ FITHIESTERE
ki = mata->jali]; Il FiFTIEF TIPS
for (k=0; k<mata->nzcount[i]; k++)

¥ [1] +— krlk] * x[kilk]]; Ki[k] X Yy

}

return; | Ki[k
i s ——— S

Wenjian Yu 16



" S
- Matvec - Column version

void matvecC( csptr mata, double *x, double *y )

{

int n = mata->n, i, k, *ki; CSCH At
double *kr;
for (i=0; i<n; i++)
y[i] = 0.0;
for (i=0; i<n; i++) { _ B
kr = mata->mal[i]; Il SRiFHAEF U RE
ki = mata->jali]; Il FiFHEFITCHAT 5

for (k=0; k<mata->nzcount[i]; k++)
ylkilk]] += krlk] * x[i];

}

return;

M
X
<

» Uses sparse SAXPY Ki[K] {-gp---------------- L

Scalar x vector + vector
PRI L ] B X+ Ry

-~

-~

-~

Wenjian Yu 17



" S
S5¥mrEFEA <FMatlabmy &

m A REEE G ERAE R A BB £ HCO0, WEFCSC)
sparse(X) or sparse(i,j,s,m,n); X = full(A)

n WoRFHFEIEF TN spy(X)

m ST IR B R R R
speye(n,m); spones(pattern); spdiags(B, d, m, n)

m PN B R A RS
sprand(S) or sprand(m, n, density)

m ZivHEFICHH, REEEFLER
nnz(X); nonzeros(A), find(X)

m FLAREEE: whos; \, lu, qr, svd® & FhiE 5 E0 SRR AR RE

Wenjian Yu 18




23R 0y : 379
>0k [ P45 2 2 1 2 R

> Direct Methods for Sparse Linear Systems, T. A.
'Davis, SIAM, Philadelphia, Sept. 2006. |

» |terative Method for Sparse Linear Systems, Y.
Saad, SIAM, Philadelphia, 2000.

» Sparse Matrix Computations, CSE Department,
University of Minnesota, 2009.

» Matrix market
"http://math.nist.gov/MatrixMarket /"

» Florida collection
"http:/ /www.cise.ufl.edu /research /sparse /matrices/”

» SUPERLU web-page
"http://crd.Ibl.gov/~xiaoye /SuperLU”

Wenjian Yu 19



Direct Method for

Solving Sparse Matrix

With several slides from T. Davis



N

= i}’%ﬁ%ﬁlﬁﬁ’]f%ﬁc’ﬁ*fﬁ
AR BV 21 (LY, Cholesky 43 i) B MY

*x ﬁ%ﬁﬁﬁ%‘%*’] e AL EIE A (fill in)?
Taj B, AL ETTH LG I
m SR RE: & IRFERE (band matrix)
w B MALEERE: | /| F=MA%E — Isolve& L
m ARSI R I e SE B
.IZH’WG%E% JEXTFR AR R

AR BNy AR AL
ISU‘“' ||| JER/ HYJ VUL HLT X/I\
n SEREEHES SoF KSR R, fill-in

u [7 A 22 B (%6 T ] B 15 PR 7308 1
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M RER) “IHATT” - #i1

RUGEEMEBLE KRN ES R
X X X X X X

X X 0 X
X 0 X X

r_R .

X—AE T (X) —HATE(Fill-in)

Cholesky SMEEI A TE I —RE )

Wenjian Yu 22




" J
MR ARER] “IHATT” - #12
HETRES “EATL” K1EH
<'x X X X | R

N
NEY

BB “EHAIL” FEE2PH “HAL”

!2:»
ExET1. RAT ARG IR ESI-in? (EEETCHHENSBKAT, k91
< 2. EWI AP SR AR, SRR - i R B R KRR

Wenjian Yu 23




" S
Ti] B 28 B3O e ) EL AR

L"i :
SR
=1+
® o {"l"-
==
v
Biss

€ X: a; =0forall |i—j|> B “x T
p is the bandwidth of A X xxxx
WA T : DIA ¥

RO 2R BRI, —— LUSMIRIEL, URHEZ 7647
W ERBETE [x IDEE

xXox X

SHERE R RBOERE, BN SN AR 7

Wenjian Yu 24




" B
gt N P
S ERE ISR PEABILUMBEAE L T 7

O 14T X% A Pt (diagonally dominant)
. n 505 M
AeR a;| 2 Z a;; AT R A S AL
il 5 PR SF  dA

HZED—ANiffi>mor
O EH: X THATF)N A HPLHIFEREA, AkETT
R E AR (B L U8 ) 248 € BY [T. Davis’06]

% T X AR IE AR, WA AZEFEIT, MCholesky

a2
BT, R RSN
MM, KA, R

L TR =0 AR RE

Wenjian Yu 25
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Tridiagonal Matrices

1 0 0
: - : mo 1
Consider tridiagonal matrix, for example L=1|o _ _ _
i bl ] 0 " 0 | : . Mp_1 1 0
a- bg Co T : I 0 e 0 Mn 1 il
A=|0 ~--. . 0 (dy ¢ O - 0 ]
: ap—1 bp_1 cp_1 7= 0 ‘_iz €2 h :
0 - 0 an bn T o 0
- - dp_1 cp-1
0 0 dn
HEAFEEEIT, XAHBEBELUSBEERE
AR 1 =X AR BEL U 43 i ) SHL s L-L, U1 A1?

11 = b \
N SRR E

fori=2ton

m; = a;/d;_1 X — ﬂ&m%}h:%ﬂi@’ Fas ﬂ? 3@‘?/]\’ HATFRE

d; =b; — mye;_q  FIG, BIAFEESi-in(BIA A EARE), LU
end fiE 1) BT ) M =% 18] 4% BE 430l R O (Pn) F1O(Bn)

Wenjian Yu 26




T GHNRRAEIE TR B 3R

w Graph theory is a fundamental tool in sparse matrix techniques.

Graph G = (V, E) of an n X n matrix A defined by

Vertices V = {1,2,...., N}.

Edges E = {(¢, j)|ai; # 0}. T H R FE X A 7020, BRIBEARIR
w Graph is undirected if matrix has symmetric structure: a;; # 0 iff
.+ 7 0. . 3
i 7 | HHE | ERE
X X 7 XX X
XX XXX
XXX Q XXX
X X 41 3 X XX 3

W% B < —>SB A

Wenjian Yu 27




A R ANRTE
m % (u, v)eE, NFRv5 uwtHRf adjacent to

m R zs’ﬁﬁl?l'] (u, V) BTN R w1, 22T A
FIANIL (outgoing / incoming edge)

m Adj(i)= {j| jadjacent to i} AZPRES

m 1S ol (degree): ER| v E (B H &

m |Adj(i)| = deg(7)

m 5 VcVHECE, G=(V, EYAG=(V, E)lJTE

] E%?::(path)fl ﬁ}?ﬁ”ﬁﬁ)lﬁwm Wiy eoey Wy }l‘“@(wz?
L)€EE, i=0, ..., k1. BEHK xfﬂlillél']#[ H .

= %Tlil 3’]%@7@}7 (cu'cle) HI1 R w=w, ] 2812

m LI Eacyclic, Zxtforest, Mtree, H F LI EDAG ..

Wenjian Yu 28
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A 2 45 1)

n EHRR
REFEMEA (adjacency matrix) {

1if (i,§) € E

Qg = 0 Otherwise
2 | 0 92,
&) - / 1 1 \ 1 £ /1 1 1 1\
ST .
(4)——= 3 \ 1 ) 7 3 \ 1 1 /

ByEsit: sEh b, ERiRE “—MRAEBUE MR

A, FIERAE A AR, R FEBRREREIT
fou, ZHIfER (COO, CSR)

SRR TEAREEEIAZ, AKFE?

Wenjian Yu 29




" S
JELE ML L = f R b

m B TR 1A L O A JT20), HEE fill-in
n PR SN EE R RS

. £ g x /2 4 4 o
SoE RS T (0 - _2) (mg) - (1
WATER S 0.0 2/ A= !

A Fori=n:—1:1 do:
t:= b
For 1 =7+ 1:n do
F-:-:-: ||
\ i::t—ﬂrﬂ‘jiﬂj
) End

Cl W W

x; = t/ay

End

Wenjian Yu



B
| = A& R FE FE csriptes =)
> SRIAFEH_E = A5 CIE SRR (YT IEE)

void Usol(csptr mata, double *b, double *x)

int 1, k, *ki;

double *ma;

for (i=mata->n-1; i>=0; i—-) {
ma = mata->mali];
ki = mata->jali];
x[i] = bl[i] ;

// Note: diag. entry avoided
for (k=1; k<mata->nzcount[i]; k++)
x[i] -—= malk] * x[kil[k]];

x[i] /= malO];

} . MR CSRAEfERG R, HARW

return

} | AT S — N X AT
336 FEL B A 3 D B 2

Wenjian Yu 31



BN
= AR FE FE cscrtis =)

m CSCHMER I #ATBH” B
TS U R — 4T o R

BB H" KIFE

A AR R 2 8 Ie B S

En
End

For j =n:—1:1 do:

x; = bj/aj;

Fori =1:5—1do

d

bi — bz — I * Ay

BT bl

EE

.

Wenjian Yu
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B
= AR FE FE cscrtis =)
> SRIRFH E = AR CIE SRR RFE )

void UsolC(csptr U , double *b, double *x)

int i, k, *ja;

double #*ma;

for (i= U->n-1; i>=0; i--) {
ja = U—>jati];
ma = U->mali];
x [1]=b[i]/ma[0] ;

// Note: diag. entry avoided
for( j = 1; j < U->nzcount[i]; j++ )
bljaljll -—= malj] * x[i];

L
return, %Elzi% CSC@%%&Q’ Hﬁ&
} FIEAH B — IR AXTATT

FRIEEIRE Annz(V). HEhAwmMbHEE, @] gesE b !

Wenjian Yu 33



" S
RS MALH) T = MR

« RFICSCEIR, " BB RIREE

A5 Ui T o A % Lx=1b
r=0>0

for ] = 1:n

r= ;) ;
for 1+ = j+1: n, and [; #0

i
)y
5

:l-
N
=
=]y
il

Wenjian Yu



" A
T = A5 P (5 3 iR 7

m NG, RELM AT
“FRINEH RKBFEIEKRAE La =

X b
for j = 1:n AR
N\ if (x(5) # 0) S
f X(J+1l:n) = X(J+1:n) - L(jJ+1l:n,7) * x(7)
end
end % ER#ib, flop™]

I [R] R 2% O(n+flop), nAAE> flop e v Fnnz)

— BT RInR K, RAb, =0, Bl ZMn
XA If (x() # 0)

WR GESEFEXHIFEF JU A XL T

H#: for each je X do ER X IR I

Wenjian Yu 35




T =AM bR PE (4

m 1A% ﬁx #0 7
m—b—Z%J

> b?%[]:}-:lt%o

® let G(L) have an edge

® letB={i|b; # 0} and
X ={i|z; #0}

® then X = Reachg ) (B)

ER BRI E X (EECSCRA,
HABTRTTE)

MEE B R H A RIEE LR TE A

Wenjian Yu 36




" A
m HRPEFERE Sk x

Lower triangular matrix L

® b£0=2;#£0

Graph G,

Wenjian Yu 37



" S
m fRYEFERE B Sk X

Lower triangular matrix L

® b£0=2;#£0

Graph G5 1,

A
@L—n—g.ﬂ

—\_.__\___\-
T

0
'

(3 @/

& E kA, PRced iR

Wenjian Yu
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" S
m fRYEFERE B Sk X

Lower triangular matrix L

® b£0=2;#£0

Graph G,

1
2
@ 3
@ 4
@ 5
6
® 7
® ® 8
® @ ] 2
&0 & 10
® ® 11
@ ® 12
® 0@ ® 3
L] ® 14
fB={4) WG B, RS

then & = {4,9,12,13,14}

ST S I, M TR R
HuE, FEPERACSCTAif

Wenjian Yu 39



" S
m fRYEFERE B Sk X

Lower triangular matrix L

158 = {4.6}

then X = {6,10,11,4,9,12, 13, 14}

Wenjian Yu

® b£0=2;#£0

Graph Gy,

R XHADFSH#AT G FEA N
B, T HS AR B IR o4 ACH) 1A I
I+ (DAGHIFRIMIF)

40



" A
il T = 48 B B B B BV (A5 Sk T )

function x = lsolve(L,b) XMBBEAN TFT=FFELxr=>0
X = Reach(L, B)
X = Db
for each jin X (FZTT RBIFR M)
X(J+1l:n) = x(J+1:n) - L(J+1:n,73) * x(7])

function A = Reach(L, B)
for each i In B do ‘ N ‘
if (node i is unmarked) dfs(;) H—P5%E, FAERTH

B IR O(|b|+flop);
function dfs(;) JHRIAR R A[REtN, nnz(L)/ME %
mark node j /" (CSCHik%:H) SERRgm e B AR R !

for each i in £; do
If (node ¢ Is unmarked) dfs(:)
push j onto stack for X’ DFSJ5 Frild i Atk

Wenjian Yu 41



»
Lsolve& B 15 ELMatlab 2 5 SEHR

function x= Isolve(L, b) function reach(bb) \ -
% L. b A FE AR, 5 for i=Lisize(bb,1),  //bbkF1&E
n=size(L,1); i=Dbb();
global stack marked ptr_s: It ~marked(i), ‘ o
marked= zeros(n, 1); //7 Bikrid drs(in); IFR ARS8
stack= zeros(n, 1); /& end
ptr_s=0; IR T FR4 ed
bb= find(b); IbHAEFTCALE  function dfs(j)
reach(bb); 1155 R 17T stack marked(j)=1;
x=zeros(n, 1); adj=find(L(:, })); /KB R
x(bb)= b(bb); for i=1:size(adj, 1),
for i=ptr_s:-1:1, /[ HERNF if ~marked(adj(i)),
j=stack(i); dfs(adj(i));  //3E)3iH A
X(j+1:n)=x(+1:n)-L(+1:n, ))*X()); end
end end

ptr_s=ptr_s+1; [IAFk
stack(ptr_s)=;

Wenjian Yu 42



AR S5 /A BT BR 1E R #o it B
m ¥Choles kyﬁj\ﬁﬁ’:%ﬂj\j jzﬁg’;—f%\ﬁ[“_x:b

L1y L1, 1yo _ | A an
i ]1[‘2 l29 11 l22 | i {1:{2 az2 |
1. factorize L1, LT, = Ay (19) Up-looking /7%

2. solve Liilio = aqyo fOr lys —— >

3. lag = \/822 — {5112
e HH % )
for k = 1:n Iy
solve L, ,l, =a,(1:k-1) for [,
by = \/a’k,k - L,
end L, . Jk-1MVIR5 X+ =AM, BN LS TSE T L
R e WA IO, TR

Wenjian Yu
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" S
AR S5 ML B XS AR LE %€ # i B

n M HIsolveH LT HiE LL = A
FZRRIME LI ZEKIT: solve L,_ I, =a,(1:k—-1)
u Gk 1 %E@Lk 1El/:j <
o A 0, F= A e AR T
n £, LEBKITHAEZITALE, W £, = Reach, (A,)
1555048 BATBRILMIEZRTHRN, AERIESEH
n (G, A)-L,>G,, (G, A)>L,—>G;, ..
2. BUE T xiEIsolveﬁ&ﬁ%ﬁﬁiLm%Eﬁ 2}

— A5 /.J4—I—--kr—l-l:l:/‘2*r O\ &8 A Juir B A
BTSN IEAT =T 70 Hﬂ‘&/ﬂﬂx BT\
FIRDFSIEJT: O(C,|+e) (eXimIhia%)

By L B H’J—l“ﬁlilﬁﬂﬂ]‘T DFSE A ] O(1L.)

Wenjian Yu




X AR IE T Wi B R AT 5 90 it
m Y EM(elimination tree)

wa, () = 0, WIS 46 B i 8 7
#l, #0, @Jﬁm'ﬁJ x; # 0,
&l lkj # 0 %Eﬁﬁﬂkﬁ%m

a,(2) =0 B, # 0 , thRIATH
MiBlkF 44, Bl lkz-
Xj‘):éj;ﬂ—ﬁ[’kﬂ = ReaCth (Ar)
L X RE ISR E R 4, T

g (G, A)>L—o G, L, = Reachg, |

£ B s
E3YJa M, T R =& A (R), R L L, # 01
N B GRIBBY RN A T . [ RIRIETH A

Wenjian Yu
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X R 1E X8 #5  BE ) RF -5 70 it
m H =W (e-tree)—#F

A Cholesky factor [ of A
1 L 1
29 ® 2
® 3 L N ® 3
P . 4
5 @ L 3
L @ 6 L L] L 6
L 7 L L ® 7
® L 8 L N L ® g
® 9 [ 9
e ® [ 10 @ o9 e 9]0
@ L ee ® 11 L @ L I I N N

Wenjian Yu



XoF R 1 XE #a  FE R A°F 5 0 i
m H =W (e-tree)—#F

A Cholesky factor L. of A  elimination tree
1 o0 I 11
2 9 ® 2
®3 X 3 10
4 o . 4

9
®
° 7 ° ° 7 8 7)
° ® S o P g g
e oo o %
eoe® o o 0@ oo oo 10 A .
® o o0 o1 e o o000y | W B U 4

B E “VHER” , L, = Reach . (A,,) T+ E B IR
NRONLrnl) (o i T B R H )
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KRR 1L

VoTaR

- X it P

m 590 (Symbolic analysis)

FERR IR FE BB B 2 BT BEAT

b T F HIsolve&ixk, & #UE 2 A E HE KIFERE D #

AR IR AERE R AR TC A A (pattern), THE MR G Rl F5E FE

HdEFpattern, &S TKMEZ Mpattern—HERIZ AT IEA
= ZRBED A B RS TS

Up-looking

Left-looking, supernodal S 25 43 1) T SR R T
Right-looking, mutilfrontal J AR HIEREZ

m Matlabfp4
etree, chol, symbfact, cholmod
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ARSI B AEXT BRI FE—L U0

m Left-looking &R LU 4 KA — &R FILx=b
Lll U11 ‘u U13 A11 a, A13
Ly, 1 ‘ u22 Uy | = | Ay Uyy Aoy
_L31 ( l32\ L33 U33_ _A31 as, A33_
RYEL, UEI’Jﬁuk 15]2%1 I ZEKE] L
L11u12 = Oy, ElR—N =/ % L11 L a,,
3 l21U12 + Ugy = Uyy eo———{— l21 1 Ly | = | Ao
L, w,, + l,u,, = as, _L31 0 I_ _:B3 s
M, wy =Ty = Tyl = @, /uzz L 3
FEEVIHEE LN E
A HIsoveBIEER/ T 5 0, BEUE I ## .
BN Ml 47 2
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BT HR A s 8 R B —32 3= Je i GPL UL

T

m GPLUH A (Gilbert/Peierls LU)

A

.

L. u, =a r 717 r
11712 12 S _ 3
L +u =q. IR0 L11 T, a,
217712 22 T 22 l21 1 T, | =| Gy
L.u, +1l,u, =a
31712 32 7722 32 L31 0 I 333 a32

W, Wy = TyyUpy = Tyolyy = 25 [uy, - )
mETu: BRI, T ITE>L, HEX,, X;FILR
Bk Lu_left PA=LU
L= speye(n); U= speye(n); P= speye(n);
Fork=1:n
x=L\(P*AC, K)),  IRF 50 (IH 8%, DFS), BUE 7%
find pivot position i from x(k:n);
swap rows i and k of L, P, and X;
U(1:k, k)= x(1:k);
L(k+1:n, k)= x(k+1:n)/U(K,K) X B AR T A I UE B

end
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W
LELL

m T. A. Davis @ University of Florida

O http://www.cise.ufl.edu/~davis/

1 F5: Direct Methods for Sparse Linear Systems SIAM
Press, 2006, (CSparse)

ﬁf\ Iﬂf\lf\l

] ratkayc. DUILCD[JOU se
http://www.cise.ufl.edu/research/sparse/

1 Matrix collection
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I
Matlab “\”’ B A &8 B

B FEARE RIBFIA

DX A B X A 28 2 BRI RK

P A ) 2% T IR 7 B “IBEEE” , LAPACKEKEE

E=f. B =/ [EE

Il

= A AR R B BT HES AT [T S A B
EELVEETS

STRREERE . IEXT M4k JT ik Cholesky&i%, LAPACKERHL, # At
£ iTMDHEF

- Hessenberg#E [ A L= A5 K AR

— TR (BRI UMFPACKERAT L, 200441 A KRG AP B #%

f3Eyi fi#y%, U. Florida, T. Davis
R A TR 72245 | ADA TR AH A1
A7 FE . JEM AR LAPACKE AT B

AT B FlHouseholderZ#fiiQR7 &, [Flf<qr, 15
2 /> el H MR, HGivensligks
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Matrix Reordering and

General Discussion




—ARBAE ) “ N

>>A=sprand(1000, 1000, 0.005); >>|[L U P]=lu(A);

>>spy(A);

Xt —RBCH I &5 A8 A R

>> spy(L+U);

Oaguax, .o‘..,
100 ‘s. '. '.-'-.,Qw":‘ i‘ .4?% {
200:.: \? T‘* *,ﬂr?, Rt ‘S x,' ~}
300, s{z' %;, ‘{

400‘ f% 5 50
53”‘» '

500 ;.m A

600 ¢ w',.. ‘i\ :
700 - w.,. gg‘,,_

800 -*

0 200 400 600 800 1000

Fill-in &~ K |a) /3t

Wenjian Yu
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i1 X X X X
| X X 0|C=)|X X X[ Fil-ins
X 0 X X

A1, 2
1713 H - - X A

X X 0] 2 B A FREHE, 8% ill-in?
X X X : HE BB EEEDN [ | .
0 X X

CH

No fill-in!

al
0]
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m 7E

SEREEHR — —m> “EAN
m Reordering & /b Bi A0 iz H 1) e gt
=R I R P X R R EHE
PAx = Pb
Ax=0> —{APy =b
PAQy = Pb (Q-=PT, W*HEH

“EREEHFEEATRD? 7 RNP-hard i !
MarkowitzZi%(1957)

AR HE = HTiH JTT Y-

v, HEATHEREE

L HFA

A BIfill-in gz b

(o]

(

2

MgE: Al RELL RAILIE I Z5%IEEN, (HizfiTH R
F—, Xfill-in K2 H #4745

A

T3 I JT)E 2 BT VH TP e
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Permutations for sparsity

“I observed that most of the

coefficients 1n our matrices were
‘3 zero; 1.e., the nonzeros were ‘sparse’
in the matrix, and that typically the
triangular matrices associated with
the forward and back solution
provided by Gaussian elimination
would remain sparse it pivot
elements were chosen with care”

s

- Harry Markowitz, describing the 1950s
work on portfolio theory that won A A
the 1990 Nobel Prize for Economics & =

Courtesy of J.
Gilbert at UCSB




5 HE P v —Markowitz&k

l1mml)

HAJTCA e IR E 2
B 0 —> JE0 Lok o
PN b B4 & | =t41qPiva
1. 50 435 R i X X IR
THEE o — ¥
2. EUHFATAILE | 7 X &0 X
ZE o3

I ® ®],
HATCHE M3 = RO MATT IR THE -1) x

(RS Je P AEZE o H -1)

= MarkowitzFefH

Xt AR ;R E— TR,
Al H Markowitz3fefA
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BHFE S —MarkowitzB vk

ikl FIEH APy =1b
Fori=1ton

Find a; (J > 1) with min Markowitz Product
Swap column ] =1 and column |

Eliminate with the new row 1 and determine fill-ins
End

Wik2. [FHINFRER  PAPTy = Pb

Fori=1ton TR -
Find a; (j > i) with min Markowitz Product gg%ﬁi&g

Swap rOWS J =1 and columns | =1

Eliminate with the new row 1 and determine fill-ins
End

X HH & 18 B8R 45 1 (48 ¥ 51T /%1, CSRICSC),
AR GRFER TS, HHEARMFHFAK,
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o o X X
X X X X

A EHEH,

BWAHFill-in!

o« ZFIM-FRARA [F] 1 R

* 5| E

I, RHATHAT “%

. BRI TS
= I (WHill-int g 2 m)

Wenjian Yu

i} ~  _
X X X X
0 iX 0 X
0'X X 0

0iX 0 O

1|

X X X X
0 X 0 X
0 0 !X X
0 0'!0 X

H” 3%
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MarkowitzB ik — — /R

m Minimal Degree (MD) Ordering— & Bk
SERRAERE, M-SRAR==T7 & B K

X (XX
X X

xxe\) @

X X)X @E

HWE—1TE, ERER @
MDEVZ: fEVHITHISEIZ, X RE JT TR H B (active
graph) L3RR/ A, BWEXMNRAT N F 81T
EXTFRHERE, M-FRFRAIE X2

Wenjian Yu o1




Heuristic fill-reducing matrix reorderings

Nested dissection:

* Find a separator, number it last, proceed recursively

* Theory: approx optimal separators => approx optimal fill and flop count
* Practice: often wins for very large problems

Minimum degree:
« Eliminate row/col with fewest nzs, add fill, repeat

« Hard to implement efficiently — current champion is
“Approximate Minimum Degree” [Amestoy, Davis, Duff]

e Theory: can be suboptimal even on 2D model problem
* Practice: often wins for medium-sized problems

Banded orderings (Reverse Cuthill-McKee, Sloan, . . .):
e Try to keep all nonzeros close to the diagonal
* Theory, practice: often wins for “long, thin” problems

The best modern general-purpose orderings are ND/MD hybrids. Siog_rltssy of
. Gllbert



Fill-reducing reorderings in Matlab

e Symmetric approximate minimum degree:

« p=amd(A); //another one: symamd
e symmetric permutation: chol(A(p,p)) often sparser than chol(A)

« Symmetric nested dissection:
e not built into Matlab
« several versions in meshpart toolbox (course web page references)

« Nonsymmetric approximate minimum degree:
* p =colamd(A);
e column permutation: Iu(A(:,p)) often sparser than [u(A)
e also for QR factorization

 Reverse Cuthill-McKee
* p =symrcm(A);
* A(p,p) often has smaller bandwidth than A
e similar to Sparspak RCM

Courtesy of
J. Gilbert



" SN
 The four essential stages of a solve Az =b

AXTFR IE
1. Reordering: IA —+ A:= PAPT XIFRIETE

» Preprocessing: uses graph only [Min. deg, AMD, Nested
Dissection]

2. Symbolic Factorization: | Build static data structure.

» Exploits 'elimination tree’, uses graph only.

» Also: 'supernodes’

3. Numerical Factorization: IActuaI factorization A = LLT

» Pattern of L i1s known. Uses static data structure.
Exploits supernodes (blas3)

4. Triangular solves: | Solve Ly = b then L'z =y
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" A
_‘ﬁﬁﬁi Elﬁlﬁﬂ”%p&;i&_ :

m Nested dissection
ETEEE, RE&DBIECEESEIT

WA, BE S e

m HEEETT (—RFEFE)
H i ZEHIL, UFE{ERE K, FRERE
X A R B TR SR (O T R G, BRI FTAL)
JRUGEL K al¥) >al¥, i>k
REETFIC: a¥ > pal’, i >k, 1 ~0.1
TEI A2 BIME &R Yu B A ffill-reduce permutation
55 B AT LU = PA(Q GPLU%
P: {Ei% £ G, Q: fill-reducing reordering
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