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“The Big-Six” Matrix

Decomposition
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Choleskysi#8 A=R'R A=LI"
0 IR T ERT(1777-1855)4 4 —
ARIRRIEREATIE A=LDL' gy i bk~
EFEITTHLUSTfE PA=LU Jacobi(1804-1851)$& H4 %+
s AJEFE R R PAQ=LU m&&t@m$ oz y)KofE

QRéj\ﬁZIj: A= QR i 1907, Schmidt
s ERAKEPE = cnm
FRIEE B GEfE) A= XAX' A=QAQ"

o AJET TR, BRSO AR 1829, Cauchy

Schurfrf# A=QRQ" A=QRQ" 1909, schur
s ASETTRE, RIWLE=/AHF; ABMNFME, RE=/HFK

ﬁﬁ Eﬁﬁg A=UX VT 1873, Beltrami
n (EEARERE 1874, Jordan
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P. S. Dwyer, Linear Computations, 1951 A. S. Householder, Principles of

100 APPROXIMATE METHODS Beo. 6.4

or s non-diagonal pivet, is used. The coefficient serving se a pivot
should be difiersnt from sero.

By dividing the first equation by &y, and letting &,;/2;, = by, s in
(6.3.1), the equations (4.1.2) beccme

on® + amFs + 0x%; + 00Ty = a5
85171 + @3a¥z + Gxds + dnaTe = Gag
%+ Bp¥p 1 2eaTs + BuTe = Sus

I + biaxs + brazs + byuzy = bus

Multiply the last equation by as; and subtract from the first equation,
by ag; and subtract from the secomd equation, by a4 and subtract from
the third equation, and get the three equations

(1)

Pae-1Tp + fz3-1%s 1 {foq 1%a = Jos-1

(2} Faxa Ty + f33.1T8 + Fae 1T = Gasa
Pas-1Ts =+ Gea-1Ts + Pad 1%e = Fusa
with
(3} g1 = @ = @by
MNow
Giy G4t
=y
" s _ oy = enby _ou o
Pia O — anb 4w an
— — — My
[T [
Bey — Dby -
1 = babyy v

g5 defined by (8.3.4). We divide the firsi equation of (2) by gea. and
place the results in the bottom row to get

Faz-1Tz T fa3-135 F P34 T8 = P31

{5) Par1Ze + Mz F Fai1T = Jis
Tg + bog 23 + boy 1Ty = Bos .
We eliminate a8 before and obtain

Pazas®z + Fae-19T4 = 3512
Fag-1953 + Jid -12T4 = Pab-12

(&)
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MATRICES AND LINEAR DQUATIONS 69
unknowns i8 equivalent fo the operation of multiplying the system by a
porticular unit lower trisngular matrix—a matrix, in faot, whoee off-
disgonal non-null elements sre all in the same colump.  The product of
oll thess unit lower trisngular matrices & again a unit lower trisngular
mafrix, and heoeoe the entire process of climination {as cpposed to that
of back substitution) is equivalent to that of multiplying tha systam by s
suitably chosem unit lower trisngunlar matrix. Since the matrix of the
regulting eystem iz clearly upper trienguler, these considerstions consti-
tute another proof of the possibility of Factorizing A into & unit lower
triangular matrix and an upper triangular roatrix

For the gyetem
Ax =y,

after eliminating any one of the variables, the effect to that point ia that
of having saleated a unit lower triangular moatriv of the foren

(En 0

1k Iﬂ

where Ly, is itself unit lower triangular, in such a way that A is factored
{2.21.1) A = Ay Ay -(L'll- 0 ){ﬂ 1 wu}

Ay Ay Ly Tys Mo
with Wy upper friangular but M not, Hence
(z.21.2) Mu=An— daditds

‘The original system has at this stage besn replaced by the system

(2:21.3) (@ -

where

ens (@ R)E)-(G)-v

The matricas Ly and Ly, are not themeelves written down. The partial
gystom

Mygrs = 23

represents those equationg from which further elimination remains to be
done, and this can be treated independently of the other equations of the
eystam, which fact explains why it is unnecessary to obtain the L matrices
explicithy.

If the upper left-hand slement of By vanishes, this sannot be usad
in the pext step of the elimination, and it ie not advantageons to use it
when it s small Heoce rows or columns, or both, in My nmst be
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Fundamentals of

Matrix and the Solution
of Linear Equations
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" A
Vector Norms

15

Magnitude, modulus, or absolute value for scalars
generalizes to norm for vectors

We will often use p-norms, defined by

n 1/p
lllp = { D |2i|P
1=1

for integer p > 0 and n-vector x

Important special cases:

e 1-norm: ||z||1 = 27 |z Manhattan norm

Euclidean norm

)1f2

o 2-norm: ||z||2 = ( n_, |zil?

e oc-norm: ||x||ec = max; |z;|

Wenjian Yu
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E Vector Norms, continued

Drawing shows unit sphere in two dimensions
for each of these norms:

(—1.6,1.2) 127
x N =LA
_ e L H
— — ) BT 5
_1.5 ) 1.5
1.5

Norms have following values for vector shown:

]|y =28, [zll2=20, [zloc=1.6

x|, <l

|zll1 = [[zll2 = [[zll«  All p-norms are equivalent, except

for differing by a constant
Wenjian Yu 11

In general, for any vector = in R", qulg*me

3 orand [, <nfx],



" A
Properties of Vector Norms
For any vector norm,

IEEM. FFIRPE.
p— /5

1. |z]| >0 ifx# o =S

2. ||y=x|| = || - ||| for any scalar ~

=AAEFER

3. |le+y|| < ||l=||+||ly|| (triangleinequality)

In more general treatment, these properties

taken as definition of vector norm 4. HxH _ (xTAx)llz
ANFIHRIE R R

Useful variation on triangle inequality:

]l =Nyl < [le -yl

Wenjian Yu 12
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Matrix Norms

Matrix norm corresponding to given vector norm "

defined by M EEEES H
A FrIE 3
Al = max 1221 y
v%o ||
Z A
Norm of matrix measures maximum stretching
-

matrix does to any vector in given vector norm 0 1

Matrix norm corresponding to vector 1-norm
s maximum absolute column sum, HA-1H_9

TL
|Al1 = max > |aijl

=1
Matrix norm corresponding to vector oo-norm

. . How to remember?
IS maximum absolute row sum,

. | . How to prove?
|Alloc = max > laijl
R}
Wenjian Yu 13
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Properties of Matrix Norms
Any matrix norm satisfies: BBk 2 X

1. |A|>0if A% O

2. ||lvAll = |v]| - |A]||l for any scalar v

1 ; Frobemusza%ﬁ(

4], = X a7

Matrix norms we have defined also satisfy ==

3. |[A+ B < |lAll + || B

4. |AB| < [|A]l - [|B] 77 B 25K

5. ||[Ax|| < ||A| - ||z| for any vector x FHZEMESLAE,
VORI B IS

Wenjian Yu 14



Condition Number of Matrix

Condition number of square nonsingular matrix

A defined by
HESXHABE 4(A) = 4] - [A=L] IRV eI GRS Th e
A, {HXHE con = * 25 ) S AR
SRR A | =] T

By convention, cond(A) = o if A singular

Since

_1
141144 = (max 142l (min L4211}
025 Tl )\ el

condition number measures ratio of maximum
\ ) ) ) ) >

stretching to maximum shrinking matrix does yl

to any nonzero vectors

»

Al

M FERIAT S

AARETEZS . S
o Large cond(A) means A nearly singular b REAS M8 BCERAV [R]
RELA NS

Wenjian Yu 15
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R 4P AR 52 X (max IIA:EII) | (min IlAmH)
7o ||zl ) \o#o ||z

Properties of Condition Number

— ] R ) 2%

1. For any matrix A, cond(A) > 1 PEFTT B N T 1
@

2. For identity matrix, cond(I) =1 - e
() ok H2-fa %, W

cond(Q)=1, QR IEAT &

3. For any matrix A and scalar -+, cond(QA)=cond(AQ)=
d(A
cond(yA) = cond(A) cond(A)

Matrix_cond.m
4. For any diagonal matrix D = diag(d;),

cond(D) = (max|d;|)/(min |d;|)

Wenjian Yu 16



Computing Condition Number

Definition of condition number involves matrix
inverse, so nontrivial to compute

Computing condition number from definition ) R
would require much more work than computing fgmjz%jfié
solution whose accuracy to be assessed %%g

In practice, condition number estimated inex-

pensively as byproduct of solution process 7% 5

Hol

Matrix norm || Al| easily computed as maximum
absolute column sum (or row sum, depending

on norm used)

=S PR LA
Estimating ||[A~*|| at low cost more challenging 5 7 D. 48-49

HH2-uE, FHEEL T EDE(SVD)EE

Wenjian Yu 17




m MATLAB $4H5% R %

cond(A)Ekcond(A, 2)H Tit&E2-&4%, ©

svd(A), & A T8 INIEE

cond(A, 1)IME1-F4%, EAHRK

/NFcond(A, 2).

cond(A, inf)it Eoo-%A4:%, B

Fit&Hcond(A', 1)

condest(AVLEHE1-548, E1FHIu(A)PL K

Tisseur 20004
FEFE

rcond (A E -4 B 3128,
LINPACK%DLAPACKIT‘T H 20 F

4
Ny
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2R T TR L SR 8 1v) L) SR Atk

b

S B AT IR AR,
L . IR ZE 53 BT
Condition number yields error bound for com-
puted solution to linear system
Let & be solution to Ax = b, and let £ be
solution to Ax = b+ Ab
If Az =& — x, then
b+ Ab=A(Z) =A(x + Ax) = Az + AA=x,
which leads to bound HAxH:HA'lAbHSHA'l“-HAbH
A Ab _
122l _ onacayl2oll o] = Ax] <] 4] |x|
|| 16|
for possible relative chanw . \
relative change in right-hand side b ARXS IR TR 3
) M ERR, 5—#%

Tr8UE SORF—EL

Wenjian Yu 19
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Similar result holds for relative change in

b

matrix: if (A4 E)Z = b, then AAx = —Ex = Ax = —AEx
||ﬂ:13|| < cond(A)“E”
2] Al

In two dimensions, uncertainty in intersection
point of two lines depends on whether lines
nearly parallel

2 M 5 FE4H R B RBURR M 1 T L AT £
B (2x2FEKE)

ST IEHKRME: WHERAZ K
EE%@%%&%TEU@@ﬂ

g ] = [ ol S PO S TR o |
7V‘]7C;‘|”Jﬂ$|”ﬂ’l"f 1BUGo

well-conditioned ill-conditioned

Wenjian Yu 20
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If input data accurate to machine precision,
then bound for relative error in computed

solution given by R \
! IEEEAFAERIHL ARG E

W Va2 N — ~10- N
stz 120 o cond(A) epaen 107 GEHIBEIE )
|| A~ 10716 (YR RETE )

[ 3}

Computed solution loses about logig(cond(A))
decimal digits accuracy relative to accuracy of
input

For example using 3-digit preci- ¥, fE—EFRpE
sion for problem with cond > 103, which vields  |a] iR 4445
no correct digits in solution R SR R ) R

Wenjian Yu 21



HIJ T F) A
Xt iR 2= 7T

RSP

1. Normwise analysis bounds relative error in
largest components of solution; relative error

N REF2E il 3
K&

in smaller components can be much larger ST REBEFIIR
KT E

Componentwise error bounds can be obtained,
but somewhat more complicated

2. Conditioning of system affected by scaling S

Ill-conditioning can result from poor scaling as
well as near singularity

Rescaling can help former, but not latter

Wenjian Yu 22



Residual R, Fble

Residual vector of approximate solution x to
linear system Ax = b defined by

r=b-—AZ

In theory, if A is nonsingular, then || — x| =
O if, and only if, ||r|| = O, but they are not

necessarily small simultaneously FAS[E] AR /NBR AR K
Since r=-AAx = Ax = —Ar
& /’ ——————— \\\\
IA] _ gz Tl
||| JA[ - (2]

S m =

small relative residual implies small relative
error only if A well-conditioned

HHXRERAD, HRE RS,
DU RS

Wenjian Yu 23




Residual, continued

If computed solution x exactly satisfies EEVERRE, WA RE—
AR R ZE T A TN
(A + E)z =b, Rk, MXEEAS, F—
then EHIERE . A fFHER
e R L I 2]
NE Rk

so large relative residual implies large backward H “MHENRE” 1Bl
error in matrix, and algorithm used to compute KR Z= AT

solution is unstable 1. BMMREL, ¥
#l: HAN Bl E TR HEEARRE s
Ao — [0.913 0.659][531] _ [0.254] _p 0 25 i B 4
0.457 0.330][ T 0.127 1R/, ARS8 )
A g [—0.0827] b Ad— [ 0.0051 ] g DLV
0.5 —0.2061

Irl =2.1x107" , MEXFRZEWRDN, (EREFHR €= [ 11] . Cond(A),=1.6x10*

Wenjian Yu 24



Pivoted LU

Factorization and
Cholesky Factorization
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m T0 solve linear system, transform it into one whose
solution Is same but easier to compute

m BRI TTRRA 5 T K
If one equation in system involves only one component of
solution, that component can be computed by division

If another equation in system involves only one additional
solution component we can solve for it by substitution

...... only one new component per equation ... ...
RBUGERE R triangular matrix |

m BRI AR A AN AR AR 7
Pre-multiply (from left) both sides of linear system Ax=Db
by any nonsingular matrix M PR MAE I L ok 31 E f 2

Wenjian Yu 27
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B

m Permutation matrix P has one 1 in each row and
column and zeros elsewhere. 1 0 0 0
D2 EACHERE, PHITREIBZHFIE |0 0 ¢ 1
PA reorders rows of A 0100
|P|=1, cond(P) =1, cond(PA)=cond(A)
How about AP?
m Elementary elimination matrix M has form like

M BEAL T =AM, XTAZ% T 1 . 0 0 -
MARIRR ? 0 o —me. 1 -
KM A 26 7 EEF IR e = A T
2 H )75 2 F g i BEM-1 om0 -

Wenjian Yu
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L] — Gaussian Elimination

M, called ele- To reduce general linear system Ax = b to
mentary elimination uPper triangular form, first choose M;j, with
matrix, with form a11 as pivot, to annihilate first column of A

1 .- 0 0 - 0] below first row FJt

o .. 1 0 - 0 System becomes M;Ax = M;b, but solution
0 - —my, 1 - 01 ynchanged

2 " 1 Next choose M->, using a-s> as pivot, to an-
m  AMNITESFE nihilate second column of M1 A below second
JGHI HAE row. System becomes MoMq,Ax = MoMib,
?ﬁJT_:EP}%mKHﬁ_U&—'l but solution still unchanged

BUAT N2 AT b

Process continues for each successive column
until all subdiagonal entries have been zeroed

Resulting upper triangular linear system
MAx=M,_q1-- - M{Ax=M,_1---M1b= MDb

can be solved by back-substitution to obtain
solution to original linear system Ax = b

vvTiijialr 1u



B LU Factorization

Product LiL; unit lower triangular if £ < j, so

FetR G R A

A _ -1 __ —1 -1 __
= AT L=M1t=M;' M =Ly L,

A3 . .
H unit lower triangular

Mﬁsame as M, except slgns of multipliers reversed

Ly

By design, U = M A upper triangular

So A = LU, with L unit lower triangular and
U upper triangular X% E21

Thus, Az = b becomes LUx = b, and can be

solved by forward-substitution in lower triangu-

lar system Ly = b, followed by back-substitution
in upper triangular system Ux =y

E R Tl R

dh, wthEEr Y= Mb, transformed right hand side in Gaus-

B sketg sy Slan elimination

-~ ~H

Gaussian elimination and LU factorization are

two ways of expressing same solution process 20
o




" e
Example: Gaussian Elimination

Use Gaussian elimination to solve linear system

T2 4 27 [xz1] [ 27
4 9 -3||a|=]| 8
-2 -3 7]lz3] |10

To annihilate subdiagonal entries of first col-
umn of A, M1 A =

1 0 O 2 4 -2 2 4 =2
-2 1 0 4 9 3| =|0 1 1
1 0 1 -2 -3 7 o 1 5
1 O 0] [ 2] [ 2]
Mib=|-2 1 0 8l =1| 4
1 0 1] [10. (12
To annihilate subdiagonal entries of second column, M,M,A4 =
(1 O 0712 4 =27 2 4 =27
0 1 O 0O 1 1|l=|0 1 1
0 -1 1/[o0 1 5 | 0 O 4 |

Wenjian Yu
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—Example CDntinued

1

ﬂr’fgﬂ/flb= 0

The original system is reduced to triangular system

2 4 -2 X1 2
0O 1 1| |z | = | 4
O O 4 x3 S
which can now be solved by back-substitution
to obtainz=[-1 2 2]
L= Mrl—l _lL'D_WLritE Dit LU factorization explicitly,
= L1Ly =
1 0 0][1 O O] 1 0 O]
2 1 0|0 1 0Of= 2 1 0
-1 0 1]]1]0 1 1] -1 1 1]
2 4 -21 [ 1 0 0][2 4
So that, 4 9 _3| = > 1 ollo 1
-2 -3 7] [-1 1 1J]l0 0O

0

0 0]
1 0
~1 1,

Wenjian Yu
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1% O K R HNH 294
TH TGP B3 1 DR/

= Why and how B N IR ZEHOR
Zero pivot causes break down of elimination procedure
% ¥ JG: choose some entry with large magnitude in the

unreduced submatrix, permute it into diagonal pivot
position

A FEETT, SEETT
m 073 T HIAE PR R

U= Mu—an—l MEPZMIPlA (1)
FEFEP AR B, B I AT B R ) S IAT AN S AT (>1)

B2, POVRFIRIIAESRE, HWRERE N B 5
PMHETCR R FEFEM I S4TSR 4T 28 #,  MPEIRCR %%
FEREME 58151 R0 585 51138 #t

FEFEM, )5 TH 25 RE R

Wenjian Yu 33
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1% O K R HNH 294
Q115 v S P SEL

M?;EIU — Pn—an—ZPn—lpu—lpn— T ‘[,1","{1*!:}1"’il (2}

Prp_1Mp_ EPH—I%W:,:)I%%E@M?L—Zmﬁgn 11']‘%”%/\&%]/]—‘

(j>n- 1)12 TR, PRJa 4 R A SE i 58 n-151 A 28 5138

jﬁ _‘%E@MH Zm@:*/j 5%'1 Pp 1My 2Py 4 mIE—/\

1X5§n 255 IEX A AR TV 256 R, 18 M,
MH—E Mﬂ—lU - Pﬂ—l‘Dﬂ—ZMn—BPn—E M1P1A

=(Pﬂ—lpﬂ—ZMﬂ—3PH—2Pﬂ—1)PTL—1PH—2‘P?L—3 - MiP1A (3)
I_I{@ Mu 3 — Pn 1Pu EMH 3Pn ZPn 1 *’4v&§-3,ﬁ[!ﬁ%"§y‘:!‘

J 1.7 e A e

A AEF TN Z 5
ﬁ?IEEﬁTIEEM’;}lU = Pp_1Pp 2Py _3My_4Py_4---MiP A
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1% 3 JCH R

m #8453 T K FE MR IR

Mt
iaLl =ﬁi_ ,[

LyL, -
FEREL AN FZ T 75

ML M

TiH RV

1U Pn—1Pp—2 P14

=1,...n—2; L, =M, 1,

Ly U=PFPy 1Py 2P A
S5 AEFTTHIVISFE B R,

L=1LiL; " L7-1—1.?'~J$ﬁl_|:5ﬁ'ﬁﬁ|3$

P=P, 1P, 5"

SL‘ETqﬁ/IH—J‘

|p[']5r‘[llp[J'i]E‘J

LU = PA
_/\_gt:gﬂ

| ol N Y Ay oy

Py A HEFIFERE

(4)
”éﬁéﬂlpﬂﬂ_fi

E%HTHJJ-F/T@H'JﬁJJF—H_’?o 'lelIl'J’I‘/Jym
Ui U AT BRI MR
'Eiﬁﬁ)&ﬁ%

AT, NG

B 2PEEEFIMatlabfy &4 : 1= eye(n);

Wenjian Yu
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E77U.é n)’ 5%'

P=I(lp, 2);
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&L TCHI R R

BIA SXHATT R B BE 2 EUHELRE): AR, Mo 3 ou 2k

oy
1 2 2
A=]4 4 2‘.
4 6 4
fif: FFALEAE ] —HERC A, T A R 1 AR

% #?ﬁ ijj.—*i’ p= [21 1! 3]! jl‘@%k m11=-A(p[2]1 IJ/A(p[l]J‘ 1)=-1/4r m31=-A{p[3], 1)/A{p[1]:
1)=-1, XHFH plilKER S A acHi o ke iy e i 47, Al H [FR: 0 7 i B0 Moo 22, 19 21

~ 1/4 1 3/2 BVSERE( D)L B IR
A= 11 ‘zl g AAPII], j)

OIPTH AR, H5L Apl2], 2)M A(p[3], 2), WiACHREE . =T, 193 p=12,3,1], il
ms=-A(p[3], 2)/A(p[2], 2)=-1/2, ZRAUHLE B A K 2=aB 0 n HAb o 2, 55

1/4 1/2 1/2
A= . o
;15 ;L % ‘ LIJCE AA(P[2], 1),
was, MR AR p ME, WU ZIHEFELAU . A(p[3]. 1:2)

U — 14 2‘ URITTE AA(p[1], 1:3);

10 0
11/4 1/2 1 0 0 1/of APLE23ARIEL3

vverijiars 1 u hdad




" A0
i R, LU R
e i

« UFFETHREAR E=M8 9, HRLR1E
N=AEn

« IEETCHS, AERRFEAITITACH, HIMBAIpFEiLxT 3

ITESRIRA
HYER IR

o LUZME~N3/3 IRVF B IevE. FaINyE, el m)ge

n2 izH

He

-
N

T

RGO T, BAEEZRITEAT, WG, #HHESRE

PA=LU, |

Wenjian Yu
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LU i I IR Fs e

o BN @ WL (A+E)E = b, WAERE LINFR IR 2R

R SR 8 SR B T e

m WilkinsonZE[J. ACM, 1961%} &V ok 4T T4l ml G

REAMT, BT T EL)

< pne

mach

HARKRET pRUBRKITRE ABRKITE I EE;
WK T 2R RENRERBRRRESE, X5 P BRI

P43 B ERE 3L
m NEETLUDE,

u %Bﬁﬂi_m p <2M 1
iR 2T EH

1Ej( p—>0, A
KZHIFH F<10,

fﬁ—ﬂ%ﬁd\

n EAUEHp <217 My AR R R T

Wenjian Yu
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" A
L USRS SEBL

. For k=1to n-1 B (K1J version)
- < % EICERFEA
For i= k+1 to n JLHI A, d, 3 ' Q,

1

2

3. a = aik/akk TR 1 g & 8
4, Forj=k+lton ~ A, BE
6

7

aij = aij —al.kakj

A —
« —H Tfﬁﬂ’?’i%k l, J—f’gﬁﬁ }_‘%" % ] Ajj; = Qjj — (ﬂik/akk)ﬂkj
@?%Wﬁ/ﬁ%fﬁ end

- HE=AN LY AL LU A% AL end
(Doolittle/Crout4Hfig), % F AL end

o XIAFIISEREEE M (R ARIFTTENRAESE (5. 2CPU,
A EAL), B NEMEEPEREAR
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"

LU ) TRk =B
e B TR
KR SHMBLRIERETR
BAREBCR: AMAIRRA  45 R
MRFRK R LA TR

- A EmidEANFKEE, H

AR R HIFE R if, A AR i
— IRBUEL ST (A7 m%ﬁlﬂﬁ)
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"
g SO — N4

Solve a upper triangular system Ux=5b

xn=bn/unn’ xi=(bi_ iuijxjj/uii’ i=n-1,-,1

EAEE

Algorithm o
Forj=ntol {loop backwards over columns}
If u;= 0 then stop {stop if matrix is singular}
x;:=b;l u; {compute solution component}
Fori=1toj-1
b;:= b;— uyx; {update right-hand side}
End \\ e =
End ﬂ b BT ]
— PIA i) 2 R AR
Fori=j+1to n//
bj:: bj— U;X;
End XM mAESEIL_E R ZE R ] B 3 2R
x:=b/u FAPERERIZER], B RIRAT TR IR
1[;% ig' M)Zﬁ%ﬁi?ﬁﬁﬁ% HI R AR TR 5 AT
R
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" A
Ml R 4=1 = AR i B ¢
VA X —?% B‘*EL./&

m EEA) R AR
2l

1L

AX =B, PA=LU =) X =U"'L'PB

o LUDRFEREA, S5 BHIRFIK

REBGEFERIRRLMZ (rank-one upo

Sherman-Morrison
formula

Il v

ate)

(A—uwv') "' =47+ A u(l—v' A7 u) v A

r=(A—uv' ) 'b=A"b+ A 'ul —v A 'u)" v "AT'D

Steps: 1. Solve Az = u for 2z, s0 z = A 'u
2.Solve Ay=bfory, soy=A""b

A LN

3.Compute z =y + ((v'y) /(1 — v' 2))z

Wenjian Yu
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" S
e e ik X EEE X

m Rescaling &R %1%
TREE. PR, MRS, HRmEETT
REFEETTRERNPEARS, FAJRBEEFTH
%ﬁk$&$¥@%%?:{10}% 1

0 ¢ [m2] = |:8:| Cond(A)=1/¢

FAuthal[o, -€]T, fEH[L, 11T, O]T. FHATIT A, NBKREE
X RRIEIL, AT AR BRI .

m lterative RefinementiE kK
For approximate solution x,, compute residual r, = b - Az,
Now solve Az, =, andtake x, =z, + z, as new solution

Az, = A(x, + 2,)=Ax, + Az, =(b—-1,)+1,=0b

Repeat the process to refine solution successively to convergence
RAEFIRFERE KL, U
ERWEN TAEMR, [FNNEESANREHHE)
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" A
Cholesky73-fi# & B

1.0 R RREEPEA S B I FE = R0, NI'E R ME— N -
A=LDL",

LU A BN =/, DAXNARKE.

2%%E|3$AHHTL‘% MAFESEWIERT F F =AML,
A=LI"

HREL XALITE>0, NthsoEmE—,

In 2x2 case, for example,

'_a’ll a,21 |V 0 _Hrlll l21_|
a.. am I n 7

L Z1 AAJ |_ 21 22J|_ \VJ U
which implies

L, = Jais L =ay [l b, = \/azz - l221
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"
Cholesky 4 fi# 13-

A RIELU EFIEBIKI IR ST B L %EEXT%'TEE
b, XA =A%, LIESREGH

AR LRREAF=f, [2 B 7 G

1. For k=1ton_ | O Ony 7 G !
1. G = VO BAREE2T7 for k=1ton
2. Fori=k+1ton Q. = A
3. a; = a; [a, for + = k+1 to n

_ _ a., =a., /a
4. Forj=k+1toi_ end |
5. a,; =Q; =0y 0, for 3 =k+1 to n
6. End for 2 =7to n
7.  End end B T ik
8. End end

end
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Cholesky 4y iR H1%

KHABE=ASEATAEREE, FN{UART
=AEka, LNGRGHERL.

> R F T R IR 1) 0 o Ol by o by
> T AR IR AU N T T A
for j =1 ton ' 0 e e T

l‘\ lnl, I'\\l'n,2,"I lnn O o O lnn

j—1
_ _ 2
A = 4| A Za’jk
k=1

for 2= j3+1ton

TR T HEIENE R

j—1
a; — Zaika’jk)/a’ﬂ

k=1

# A=LL" W

a;, =L+ -+1
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SRR IE SEXEFE I Cholesky 4 il Bk
« BEE I (NEENGIRFEBEMNEANZ I

HiaHE, RLUSER—FitEE

o ST T XFRIEE RS, AR B n AP R i2 H R
VXA S, SLHEATAT

 EAMEFFAT =AM RIILR, Rk L=/

TR A A1 HAHAR—LEA:
. Matlab &4 chol(A) %ﬁ%i;ﬁa%gg(wmg);
- SERIEEIECEBLUSM T TR
— 2
A=LU=LD"*D’If = LI} =) ZT DT f/
U = L1 -

mam{‘UT(z', ])‘} ~ maw {‘lj ﬂ‘} . mam{lfj}

B Mac ‘%-‘ - ma’w{a’ii}
} (o) MR

<1

max {‘%-
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TR G R R L DLT 43 5 X RRAS se 5B R

o HANIESE, Cholesky/rfif4s iz A drir

o5 JELUST B ) — A2l

A=LDIT U = DL", DAY RE
KA LU i ME—, 4 fd e —

>LAEXT I u R AT RE R N (K&
E, W5 REIEETT

F>>1), HiER

fa

PAP" = LDIL' PAHESEE, 1 TR AT

> A FR agE £ AT AT REAE #E K &

T>>1, kA

o JE

>SEFR R B A AasenFEiEE Bunch fliParlett4 H /Y

=S DA =XAAERE, BR&1x1m2x2 T

PAP" = LDL" s £ .

RELRUELIEXT A

TLEAKRTL, EEZEREEME

>R THE E~ n3/3 flops
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" JE
Matlab#g F< 4 1 v BH
olufiT %
>ERATIE ETTLU AR, BIREACE “FRmn” HkE
>Y=lu(A); ZFHFIFEPHIE R
>[L, Ul=lu(A); A=LU, LAZATHEZIFI AL T =AM R
>[L, U, P]=lu(A); PAHFERE, FHMmMZSEvector’', N A=
2%; é P,Q] = lu(A), [L,U,P,Q,R] = Iu(A), &t X #5468 P& 1)

echolig %
>R = chol(A); A _ =/ TE A FRFERE, FBo

>L = chol(A,‘lower"); {{iEHEA T =/ 557
AR SRR RE AN T 5, T HE A e

INASIBINI NPT T H N ) VA A L]

>[R,p] = chol(A); FHAIERE, &[Flp=0; HR4#ER|HEpIT
i, NRTR=A(1:9,1:q9), g=p-1.
>[R,p,S] = chol(A), S5, X HEEHERE
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2 T FE A SR AR AR P B

- —ﬂﬁ(ﬂFﬁﬁ)E@?\ﬁ%ﬁ@ Source Factor Solve Condition

v — IS estimate
E’ﬁEQEELUﬁ%’ B/ AR LINPACK sgefa sgesl sgeco
I 4%s,d,c,z LAPACK sgetrf sgetrs sgecon
R R EAG NR ludcmp lubksb
- #%%%ﬂ%ﬁ%ﬁ@ MATLAB Iu \ rcond/condest
Source Symmetric Symmetric General
positive define  indefinite banded
LINPACK spofa/sposl ssifa/ssisl sgbfa/sgbsl
LAPACK spotrf/spotrs ssytrf/ssytrs  sgbtrf/sgbtrs
NR choldc/cholsl bandec/banbsk
Matlab chol \ \
m LINPACK

Widely used / benchmark to evaluate computer performance

LAPACK is revision; both are available from Netlib
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m Basic Linear Algebra Subprograms (BLAS)
LINPACK and LAPACK are based on low-level BLAS

IR

BLAS encapsulate basic operations on vectors & matrices so

they can be optimized for given computer architecture

Generic Fortran versions available from Netlib; optimized
versions provided by computer vendors

Key to good performance is data reuse. Level-3 BLAS have more
opportunity for data reuse, and hence higher performance.

Znl TOMS # BHE  HIERF Th &
saxpy Scalar x vector + vector

1 539  O(n) sdot Inner product
snrm2 Euclidean vector norm
sgemyv Matrix-vector product -

2 656 O(n?) s?rsv Triangular so!gtion ;Ar‘]lioé:\'/l%:_?éggg
sger Rank-one update '
sgemm  Matrix-matrix product /on Math. Soft.

3 679 (’)(ns) strsm Multiple triang. solutions
ssyrk Rank-k update
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Assignment

R RS A KA
DRl SE SRR ( #ee% i top 10 algorithm”)

G. W. Stewart, “The decompositional
approach to matrix computation,” Computing

In Science and Engineering, Vol. 2, No. 1, pp.
50-59, 2000

VB Mb R L P 2% 2
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