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Discrete Fourier

Transform and FFT
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Review of Complex Arithmetic
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L = X+ Uaginary unit/—1 WIERPIEHE, 27
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e =cos@+ising
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Z = X+l
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sEm: |2|=Vzz =x+y* , Z=re
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=
Review of Complex Arithmetic

n BEHRAERNEH
L X2, = (XX, — +1 + X AN EHUR+,- x B H
X2y = (XX =Y, Y,) XY, +X,Y,) N AN
Zl — X1X2 + y1y2 _I_I X2y1 _X1y2
Z2 x22+y22 x22+y22

Bkt Z =re"
. —AEHTLL i, SN TR
Z,x 2, = Ir,e' %% 75 5T b3 e 2
rAall

Im(z)

21/22 - (rl/rz)ei(gl_%) // ‘=
g Re(2)
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5 RUR 3 R AU = A R BRI
n = A RBOE S TR A WL R 4K
w5 R B R B GR A B RO B = A R EGE T
S x(t) KA A 2R, #[0, 2n]fEnEs), 5 2IRAG RE

X, =X(2zk/n), k=0,1..,n-1. F% {1cost,sint, - cos j, sinjt,---}
| A [0, 2n]J:ﬁkEl§f(’ilEﬂﬁ'JE PR ER,
R (16", e ZEIX B[O, 2n] k05T B B0 1R IE AT

It HAEBBOSEE (27k/n, k=01,..,n-1k, XEmHth BHELHE.
Kk, X(t) FEXn A m LS~ ﬁé@ﬁﬂﬁgi&%

(=0

N it Hody (x(V).e™) 1“nz_i'xe_-% m=0,1 1
S(t) = elm, > m = "/ _im gim - k ",m=0,L...,n-
(t) r;)ym (6™.e™) NI EmEERAEEY)
n-1 im 27K
HFnpriBTstefmE, el x =S(t)=) y e
m=0
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" A
Roots of Unity A TEESRHEA, 5
“TeAT KIS

For given integer n, we use notation
wn = cos(2w/n) —isin(2n/n) = e~ 2mi/n
for primitive nth root of unity FEIEATHR -
NIK AL AR
nth roots of unity, sometimes called twiddle
ez Kl -7

factors in this context, are then given by wk or
by w;k. k=0,....n-1

=w§=w;1 ' =1 KR

/4 \\\
5 2 _ 1, o ) Clockwise

Wy = Wy '1=W4 !

/

‘/

I N
I =wy = wy
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Discrete Fourier Transform

DFTHE— MR HF
| . B 5 — A
Given sequence = [zqg,...,x,_1]" . its discrete 55
Fourier transform, or DFT, is sequence y =
(Yo, -+ yn-1]" given by L 5 T T A 9
1n—1 L i@j& n—1 -
Ym = kawnm , m=0,1,...,n—1, S(t)zz_ymelmt’
k=0 =0 N
or, written more compactly,
Yy = Fﬂm:
with entries of Fourier matrix F;, given by F, AR R
(¢ N
k
{Fn}mk =L‘JTT 0000
01 2 3
For example, 0 2 4 6
101 1 1] [1 1 1 119 36 Y
1wl w? w3 1 —i -1 i
by = 2 4 6| V=3
1 we W w 1 -1 1 -1 a, =—1
1 w3 Wb WY 1 : —1 =1
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Inverse DFT

DFT k22 #t
Note that
[ 1 1 1 1 11 1 1 1 ]
1 wl w2 w3 1 wl w® W3
1 w2 w4 wbo 1 w2 wt W
7.@_3 w o w® ] L1 w3 Wl W |
F 1 0O O O]
g |19 1 0 0lg, F %R, B
° 0 10 TR
0 0 0 1,
In general, Fy' = (1/n)F
Inverse DFT is therefore given by R o ik Y BRI L5
SHEE U BB 1,
Ek:_ Z ymw;mk} ;3=Dj11*,,j'n—1 w;k :e’LQTtk/’n’ o
(L —— w—(n—l)k _ ei2n(n—1)k/n

n

DFT gives trigonometric interpolant using only ﬁ??ﬁﬁﬁ%%{ .
matrix-vector multiplication, which costs only
201 O (n?) 9



DFT, continued

DFT of sequence, even purely real sequence,
IS in general complex

Components of DFT y of real sequence x of
length n are conjugate symmetric: y, and y,,_
are complex conjugates fork=1,...,(n/2)—1

Two components of special interest are:

e yg, Whose value is sum of components of x,
is sometimes called DC component, corre-
sponding to zero frequency (i.e., constant
function)

® Ypn/2, corresponding to Nyquist frequency,
which is highest frequency representable at
given sampling rate

n A%
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Example: DFT

For randomly chosen sequence x,

4 35
—5.07 + 8.66i
—3 4 2i
.07 + 2.66i
-5
9.07 — 2.66i
—3-2i
| _5.07 — 8.66i

F8$ == Fg

|
|
<

o o O N O WO

Y L, H Transformed sequence is complex, but yg and

EnHNMEEL  y4 are real, while ys, yg, and y7 are complex
conjugates of ys3, yo, and y1, respectively

T here appears to be no discernible pattern to $i®% F¥%&F B
frequencies present, and yg is indeed equal to EBA4FE

sum of elements of =
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Example: DFT

For cyclic sequence x,

F8$=F8 -

OO0 ®mMO OO O
I
S

N &b =
Sequence has highest possible rate of oscilla- 8 ILFT?F{%EJ'@H&%K
tion (between 1 and —1) for this sampling rate ISR S i ) S S

In transformed sequence, only nonzero compo- Miﬁiﬂiiﬁ,ﬁﬁ
nent is at Nyquist frequency (in this case y4) B R AR S =

(AT DY)
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" J
ldea of Fast DFT (FFT)

N k

n-1

n—1
km 2
yk:mewn =T, +trat+r,a +--+T QA

1| = (z, + T,a’ + T, +--) +alz, + T2’ +xat + )

DFTn (.’B)k = DFT% (weven )k Ta- DFT% (wodd )k

A EE, EEERERT (AHNEER) w8 FidtRE:

—2kmi/n —2krt/(n/2 = -
azw,,k;:e /,aZ:e /(/):wf:l/z For k=0, ..., n/2-1,

¥R A ni2B KIDFTHHE
Hkzn2ft, BATR? o

2 BrBIDFTHHE
Mo =w =w’ W = —F, AW DFT, (x) J5 B itH
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FFT Algorithm

HHEE T
procedure fft(z,y,n,w) C(n) = 20(2) +En
if n =1 then 2
y[0] = «[0] = 4C(5) +2-5m
else %
for k=0 to (n/2) — 1 - 80(5) +3-om
plk] = (2] T
s[k] = z[2k + 1] =omlog,n < 2
end
fft(p, q,n/2, w?)
fft(s,t,n/2, w?) H—E it
fork=0ton-1 ) w:[w07...7wn/2—1:|T
ylk] = glk mod (n/2)]+ | : >
wkt[k mod (n/2)] y = ‘1“‘"*
end P Lq—fw. tJ
end w,’i _ wz/z -wﬁ'"/z _ —wf,,'
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FFT &4 BH

m EERREAEEN, n=2k
n FHEHEn 2N RERT

n HSFAER, A NMASNMEEE (R T/E)
n EEIANTFIIDCNSERRS, AR AR =R

m EREeEesei g, Wi JFIERRIEE I, BA
Wﬁ‘ﬁl\}jﬁ@ u 1T I FFET AR 3 By 32 7 8 2 e
*’; KB H#ITHR (WEnlognEH &)

= ﬁ%ﬁT*ﬂ?EJI{%@E@Ej{WEﬁ , J.netlib/fftpack

\
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O(n*) H5O(nlog,n)H] X il

Use of FFT algorithm reduces work to only
O(nlogzn), which makes enormous practical
difference in time required to transform large
sequences

n nlogon n?
64 384 4096
128 896 16384

256 2048 65536
512 4608 262144
1024 10240 1048576

R A5 B R RETT LRI FF T8

1 n—1

T = — > ymw;mk, k=0,1,...,n—1

m=0

Wenjian Yu
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T Limitations of FFT

i 2

2010-12-24

FFT algorithm is not always applicable or max-
imally efficient

Input sequence assumed to be:

e Equally spaced
e Periodic (B AT & X0

e Power of two in length

First two of these follow from definition of
DFT, while third is required for maximal ef-
ficiency of FFT algorithm

Care must be taken in applvying FFT algo-
rithm to produce most meaningful results as
efficiently as possible

For example, transforming sequence that is not
really periodic or padding sequence to make its
length power of two may introduce spurious
noise and complicate interpretation of results

17



A Mixed-Radix FFT

JREA T

2010-12-24

It is possible to define “mixed-radix” FFT al-
gorithm that does not require number of points
n to be power of two

More general algorithm is still based on divide-
and-conquer; sequence is not necessarily split
exactly in half at each level, but by smallest
prime factor of remaining sequence length

Efficiency depends on whether n is product of
small primes (ideally power of two)

If not, then much of computational advantage
of FFT may be lost

For example, if n itself is prime, then sequence
cannot be split at all, and "fast” algorithm
becomes standard O(n?) matrix-vector multi-
plication

BEFEHFFT
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Applications of DFT




" A
FFTHI N

m 55 JE BRI
For 0] B HUE R 1Y)

n BFIEW
L IEFEANTF BRI 77 & (L an g =)
e = MR EE CREBIEFH)

m I FHIE
[l %ﬁ%* \VI-E:
m VHAA T R PRIE K A

3

Pialsy

S, = F3)

sy
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" S
5 JA S )

2= 1 =
{ﬁ 7 /R 7
X(t) =0.7sin(2x -50t) +sin(27 -120t)

m KFEEIE: £.=1000

m SREEKEE: L=1000, t=(0:L-1)/f,
75 7= )T

y = X + 2*randn(size(t));

m FFT: NFFT = 2"nextpow?2(l
Y = fft(y,NFFT)/L;

m % f=f_/2*linspace(0,1,NF
plot(f,2*abs(Y(1:NFFT/2+1)))

[ ol o ,Alnl\‘:lr/l\\ll":!:ﬁ.—,: £ da e
=0V, 12UPI7 1" 2R R\, e/

& L=10000, & B ¥FEiF

fftexpl.m

<

=+

{7 -
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Signal Corrupted with Zero-Mean Random Noise

Single-Sided Amplitude Spectrum of y(t)
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Using the 1D FFT for filtering

m Signal = sin(7t) + 0.5 sin(5t) at 128 points

m Noise = random number bounded by 0.75
m Filter by zeroing out FFT components < 0.25

1
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Imag{ff{signal})

. ﬁ
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"
Using the 2D FFT for image compression

m Image = 200x320 matrix of values
m Compress by keeping largest 2.5% of FFT components

Keap only largest 2 5% ofantrles of 20OFFT

&0

P - e o
en L an e e L

100 & 100
120 120
140 8 140
180 180

180 180

200 200

a0 144 150 200 280 aaa &0 144 150 200 280 aon
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Fast Polynomial Multiplication

p(t) =

FFT algorithm also provides fast method for -1
r, txtl+---+x_t

some computations that might not seem re-

lated to it q(t) =
-1
= | lexity of straightforward mul Uy + U+t g
.c.-r.exa.mp e, complexity c:. S r.a|c_:| Drwgr mul- W p-q~ (’)(lm)
tiplication of two polynomials is proportional to
product of their degrees n-1[1r 2 M AEn S KA,
afnn, w22 TR MBSk R 3L
However, polynomial of degree n—1 is uniquely 1 t t" 1] X, |
determined by its values at n distinct points 1t -t 1 X
Thus, product polynomial can be determined 1t L
by interpolation from pointwise product of fac- n-l - N
tor polynomials at n points Eyﬁnm\jj , k=0....,n-1

. . . . n-12 +m-2, n 2B EF
Both polynomial evaluation and interpolation

using n points would normally require O(n?) DFTAHlinverse DFT
operations, but by choosing points to be nth ~ O(nlog,n)+ O(n)
roots of unity, FFT algorithm can be used to _

. Matlab code: polymul.m
reduce complexity to O(nlogsn) o




" J
Applications of DFT, continued

Some computations are simpler or more effi-
cient in frequency domain than in time domain

Examples include discrete convolution of two %ﬁi% H

sequences uw and v of length n, = L
SERR L2 B n-1FT

n—1 wz
1 HA
{uxvlm = > gty g m=0,1,...,n—1, %Iﬁﬁﬁﬁ/\m%%{ -
and related quantities such as cross correla-
tion of two sequences or autocorrelation of a DET '(DFT(u).* DFT(v))

sequence with itself MR
(.’)(nz)
Equivalent operation in frequency domain is l
simply pointwise multiplication
O(nlog,n) + O(n)
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" I
FFT Resource and FFT Variations

m Netlib/fftpack, www.netlib.org
m FFT in the west, www.fftw.org

m Produces FFT implementation optimized for
Your version of FFT (complex, real,...)
Your value of n (arbitrary, possibly prime)
Your architecture

m \Won 1999 Wilkinson Prize for Numerical
Software

m FFT Variations (for various applications)
The sin, cos transform — imaginary, real part of FFT
Wavelet, precorrected FFT for integral equation

2010-12-24 Wenjian Yu 26




Fast Solver for

Poisson Equation




" S
Fast Solver for Poisson Equation

m 1-D model problem B X 338 1 PDE i
Eigenvalues and Eigenvectors

m 2-D model problem

Two ways to present the equations as a single
matrix equation

Eigenvalues and Eigenvectors
Solve the Poisson equation using the eigen-

Aornmnncitinn
UCCOIMIpPLUSILOI

m Fast Solver with FFT
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Review of trigonometric functions
COS¢9---s1n9 ZARBEARER (B .

\\ o T A O TR A LA 1318
J c ZHAK EEHRTRAE A T E—

ctgh ———1——180 T,

\ / \/  EZER =T, IR DY PEIA R

CSC@ Sece %I:I%/L\\ﬁz

sin{c 4 §) = sinacos 8 4 sin Scosx

Y yey cos{ax + 8) = cosexcos § — sinasin G,
sin{2a) = Zsinacosa sin{3a) = 3sina — 4sin’ o

cos{2a) = cos® a —sin’ & cos(3a) = 4cos® o —3cos e
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" S
Review of trigonometric functions
MZELR—FULRIZE AR,
sina +sin g =2sinf; (@ + F)] cos|3{a — 6)]
sine —sinf = 2 cos[(a + F)sin[1{x — B)]

cos x + 008 § = 2 cos[ (e + 5] cos[ (o - )]
cosax — cos @ = ~2sin] }(cx + 8)] sinlfiex - B)}

sinacos§ = 3[sina — B) + sinfa + 5)]
cosaxcos 8 = slcos(a — &) + cos(a + F)]
cosasing = Lkin{a 4 ) — sin{e — 5]
sinasing = §lcos(a — B8) — cos(a + H)]-

2010-12-24 Wenjian Yu
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" I
1-D Poisson Problem

dz’u, £Zr ui— —_— 2u1, + ui
B dw(z):f(iﬁ) E— . - f
Tu, | [ 2 -1 0] [u, _ﬁ_
. _1 . . : 2 :
TN . : = . .1 . : = h :
_uN_ 0 -1 2 _’U,N_ £y
1. MEEHEEHE: [A-2(<2, B4 =2-2cos6,, 6, [0, 7]
2. WELIRAR Py = det(AI-Ty) : P = 4—2 =02
. sin &
=(1-2)" —1=14cos’d —1 = 3 — 4sin’f = 51.1139
sin@
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A

1-D Poisson Problem _

2 -1 0

-1 -, :
-+ /, TN = -1
S T oo
P, =(1-2)P, , — P, , =—-2cos@P,_, — Py_, - -
— (=) sin(N +1)60

sin@
7 0, c0, 7] WENER: 6,-=—" k=12 - N
N +1

AW .

FIEEAN: 4, =2 - 2cosé,

SIE BN 2, HH— BBz () = |—2—sin(-27 )
VAN +1 N +1

FEESFEE AN T, = ZAZ7 j=1, ..., WiE?

HEEZHNIEAS . X RRFERE
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2-D Poisson Problem

_Ou(z,y) Ou(my) _

ox’
—FrHaES

4'u,z., iU

2010-12-24

o = f(z,y)

1<i,j<N

— U

1,7 1+1,7
4 -1 4 )
1 4 -1 1
............... 14 A
1 1 4 -1 1
1 1 4 1

s P—— T

-1 1 4 -1

1 a4

Wenjian Yu

— 2 -—
— U — U =R

=4

j=2

=0 >
=0 =1 =2 1=3 I=4
R E I 71 N
(T, +2I, —1I, |
I, N
LNxN = I,

I, T +21I,
MRS N2, H¥f#E ~ O(NY)
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2-D Poisson Problem v

=4 I
h
u
du; ;= Uy = Uy — Uy — Uy = h’z-fz’,j = ~
1<2,3<N ]=2
> N/ > \ ) ) g =1
h T REEE S, #iRs
AR —FIEI jol—L 1 1
=0 I=1 =2 1=3 I=4
B, 41— N NEIHEE U(R7 3 R0 — 5 1)
Zui,j —U Uy T (Ty - U)i,j S 0
(‘zui,j —U; g U T U - TN)z’,j T, = - _1
T, U+U-Ty, =h'F o e
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" I
2-D Poisson Problem

Solve the Poisson equation with eigen-decomposition
T, U+U-T, =h’F
¥ T, =2ZAZ" RN\, EFRZ" A7

ZT(ZAZTNUZ + Z"U(ZAZ")Z = Z" (W*F)Z

o)

Z

AZ'UZ +Z'"UZA=h’Z"FZ

AU +U'A = R*F', WU =2"UZ, F =Z"FZ
2 pr V= = .
P TTIRL S R ~ O(N)
A, + 4 1) F'=ZFZ
7 h2fr
1<3,E<N ik

2) For all jand k, u), =
) J A4 A

(ZFEREXTFK)
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Fast Solver with FFT
7 F— AN,
Z, =

5 :
sin Jkx

: 1<3,k<N
N +1 N +1

S FEON+ 2B e R Fw, vy = € 1D St R DF TS Bk [ <

IRT_ _ sin ¥ 0<jk<2N+1
N +1 N +1

Y IIEREZ  DFTHERE F,y o fI(2:N+1, 2:N+1) FAERR I BB I 1

Wik g@Fty LB o R 2N+ 21
1) F'=2F7 --------= - A 2z FRT(x); e
RS, | SRHNSEES N
2) For all jand k, ug, P -—
A 8 ~ O(N’log,N
3) U=2U7%Z ’ AHE ~ O(Nlog,N)

_, Jk _
{‘F'2N+2}jk T w2N+2 = COS

I
/
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" S
Further Discussion

m Extend the eigenvalue analysis to 3-D model
problem 4B - a, B
Use Kronecker product A®B=| i .
m Fast PDE solvers

Fast sine transform (multiple by Z directly)

FFT-based algorithm is direct solver (B#%)

The FFT-based solver is very limited: uniformed
discretization. power of 2. boundary condition

Other approaches: cyclic reduction, multi-grid (EAGE)

m Reference

J. Demmel, Applied Numerical Linear Algebra, SIAM
Press, 1997
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About the Final Project

m EAEN
IR RS

~

AR VR BB R TE

“meigsvdguifEfF)

FEHE: VAR — Y 77

KR T =AM Lsolve R A E R

R 5 1 SR AR O DEWIME 17) 7% 1) ¥ 7

:El:l }—‘?—‘)

H

L SKABFE I T

P 5 R )
- Ezl‘?

E}?@ ~: JUHE,

2010-12-24

2 H S
FF(QRJFi%vs Jacobi ik, i

(M gmHeath B

2 I VR EILR (4l orenzguifE )
B R R EE W B 5 2 B 5 REE AR (R dRHeath

ALSER RS, F2F (deadline: 1/18/2011);

1H17H#
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