
IEEE TRANSACTIONS ON COMPUTER-AIDED DESIGN OF INTEGRATED CIRCUITS AND SYSTEMS, VOL. 37, NO. 8, AUGUST 2018 1711

Floating Random Walk-Based Capacitance Simulation
Considering General Floating Metals
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Abstract—Accurate capacitance calculation for structures including
floating metals is of great interest to both the modeling of interconnect
wires and the verification of on-chip capacitors in the design of integrated
circuit. The former problem involves regular-shape or cuboid floating
dummy fills, and has been addressed with an existing fast algorithm based
on floating random walk (FRW) method. The latter problem involves
floating metals in more general and complex shape, and is crucial for
the design of high-density metal–insulator–metal (MIM) capacitor which
endures higher voltage. How to efficiently handle these general-shape
floating metals becomes a challenge. In this paper, we first investigate
the mechanism of the existing FRW-based approach for handling floating
dummies, and then propose an approach based on the central difference
formula for handling the general-shape floating metals. The proposed
approach has comparable cost to the existing work, but is much more
reliable and accurate. Experiments on the structures with floating dum-
mies and MIM capacitor structures have validated the effectiveness and
advantage of the proposed approach.

Index Terms—Capacitance calculation, floating metal, float-
ing random walk (FRW) method, metal–insulator–metal (MIM)
capacitor.

I. INTRODUCTION

Capacitance extraction for interconnect parasitics modeling is the
basis of accurate circuit simulation and physical verification for
quality IC design. Similar problem arises in the design of on-chip
metal-insulator-metal (MIM) capacitor. High-density MIM capaci-
tor has been widely adopted as an efficient alternative to on-die
decoupling [1], [5]. As shown in Fig. 1(a), the conventional MIM
structure embedded in two top metal layers is featured with a thin
dielectric. Due to the concern of dielectric breakdown in high volt-
age domains, floating metal plate was recently introduced to the MIM
capacitor [2], [3]. Fig. 1(b) and (c) demonstrate two examples of the
MIM capacitor with floating metals. This produces floating metals
with irregular geometry due to the constraints of via patterns and
interconnect routing, and further complicates the calculation of MIM
structure’s capacitance. Therefore, an efficient yet accurate method
for such capacitance calculation is highly desired.

The floating metals, also known as the dummies inserted around
interconnect wires for design-for-manufacture concern, are not nor-
mal conductor in capacitance extraction. The electric charge on each
floating metal equals to zero. Their presence affects the capaci-
tances of surrounding normal conductors. A straightforward treatment
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Fig. 1. Cross section view of the integrated capacitors. (a) Conventional
MIM capacitor. (b) and (c) Two MIM capacitors with floating metals.

is regarding floating metals as normal electrodes and extracting
full capacitance matrix, and then reducing the matrix to obtain the
equivalent capacitances among normal conductors. This is called
network reduction method [4]. More efficient techniques have been
proposed based on boundary element method [6] or floating ran-
dom walk (FRW) method [4], which avoids the generation and
reduction of the full capacitance matrix. It should be pointed out
that the approach in [4] assumes either a simple transition scheme
jumping from floating metal or that the corresponding transition prob-
abilities are precomputed and stored. Thus, it is not suitable for
handling floating metals with arbitrarily geometry, and may induce
significant error.

In this paper, we consider general-shape floating metals, such as
the multirectangle shape seen in the design of MIM capacitors, and
develop a reliable and efficient FRW-based technique for the capac-
itance calculation problem. We first relate the approach in [4] to the
electric neutrality equation, and reveal its theoretic flaw due to the
simple transition scheme. Then, based on the central difference for-
mula to approximate partial derivative we propose a new approach
that involves a special integral surface enclosing each floating metal
and the corresponding transition scheme. The approach does not
require the offline computation for each kind of floating metal, and
induces much less systematic error. Finally, we extend the approach
to handle multirectangle floating metal and the structure in multidi-
electric environment. Numerical experiments on the structures with
floating dummies and MIM capacitor have validated the accuracy of
the proposed approach. Compared with the approach in [4], it has
much better stableness, with up to 5× reduction on the systematic
error. If keeping the systematic errors of both methods within 0.5%
(as compared to Raphael’s result), the proposed approach can be over
3.7× faster than the extension of the approach in [4].

II. BACKGROUND

A. FRW Algorithm for 3-D Capacitance Extraction

The FRW method for calculating electrostatic capacitance is origi-
nated from expressing the electric potential of a point r as an integral
of the potential on surface S enclosing r [7], [8]

φ(r) =
∮

S
P(r, r(1))φ(r(1))dr(1), (1)
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Fig. 2. Two random walks starting from r (denoted by arrows) in the FRW
method, and a random walk encountering a floating metal (2-D top view).

where P(r, r(1)) is called surface Green’s function and can be
regarded as a probability density function and dr(1) denotes infinites-
imal area at position r(1). Therefore, φ(r) is the statistical mean of
φ(r(1)), and can be calculated with a Monte Carlo procedure sam-
pling S. The domain enclosed by S is called transition domain, and
usually r is at its center.

In the problem of capacitance calculation, usually the coupling
capacitances between a conductor i and other conductors are wanted.
With the FRW method, a Gaussian surface Gi is constructed to
enclose conductor i (see Fig. 2). According to the Gauss theorem,
the charge of conductor i

Qi =
∮

Gi

ε(r)g
∫

S(1)
ω(r, r(1))q(r, r(1))φ(r(1))dr(1)dr, (2)

where ε(r) is the dielectric permittivity at point r, q(r, r(1)) is the
probability density function for sampling on S(1), the surface of
a transition domain. g is a constant, which satisfies

∮
Gi

ε(r)gdr = 1.

q(r, r(1)) may be different from P(r, r(1)), and ω(r, r(1)) is the weight
value [7]. Thus, Qi can be estimated as the statistical mean of sam-
pled values on Gi, which is further the mean of sampled potentials
on S(1) multiplying the weight value. If the sampled potential is
unknown, this spatial sampling procedure will repeat until a point
with known potential is obtained (e.g., on conductor surface). It forms
an FRW including a sequence of hops. Each hop is from the center
of a transition domain to its boundary. With a number of such walks,
the statistical mean of the weight values for the walks terminating at
conductor j approximates the coupling capacitance Cij (if j �= i), or
the self-capacitance Cii.

B. FRW Technique Considering Floating Dummy-Fills

For the structure with floating dummies, the FRW method was
modified in [4] to directly calculate the equivalent capacitances
among normal conductors. Not like the network reduction method,
it does not treat floating metal as normal conductor. Therefore, the
random walk does not terminate at a floating metal, and instead con-
tinues with the next position randomly selected on a neighborhood
boundary. This is shown in Fig. 2, and the neighborhood boundary is
a closed sampling surface. The modified FRW algorithm is described
as follows.

The random transition from a floating metal F is explained with
the formula of its electric potential [4]

φ(F) =
∮
�f

ε̃(r)
K · t(r)

φ(r)dr, K =
∮
�f

ε̃(r)
t(r)

dr, (3)

where �f is the neighborhood boundary, ε̃(r) is the average permit-
tivity, and t(r) is the average normal distance from each face of �f
to F. Notice that K is a constant, and ε̃(r)/(K · t(r)) in (3) can be
thought of as a probability density function. Usually, the neighbor-
hood boundary is set as the uniform inflation of the cuboid dummy

Algorithm 1 Modified FRW Algorithm Handling Floating
Dummy-Fills
1. Load the pre-calculated transition probabilities and weight values for

the unit-size cubic domain;
2. For each floating metal-fill k, construct its neighborhood boundary �k and
calculate quantities for performing random sampling on �k;
3. Construct the Gaussian surface enclosing conductor i;
4. Cij := 0, ∀j; npath := 0;
5. Repeat
6. npath := npath + 1;
7. Randomly pick a point r on the Gaussian surface, and generate a

cubic transition domain S centered at r; pick a point r(1) on surface
of S with the transition probabilities;

8. ω := ω(r, r(1)) in (2);
9. While current point r(x) is not on a normal conductor
10. If r(x) is on a floating metal k,
11. Randomly pick a point r(y) on �k;
12. Else
13. Construct the transition cube taking floating metals

as obstacles, and make a FRW hop to r(y);
14. End
15. r(x) := r(y);
16. End
17. Cij := Cij + ω; // the current point is on conductor j
18. Until the convergence criterion is met
19. Cij := Cij/npath, ∀j .

fill. Otherwise, the transition probabilities have to be precomputed
and stored for each floating metal [4].

Although the technique in [4] demonstrated high accuracy for
structures including floating dummy fills, its theory is vague. More
seriously, the simple neighborhood setting could induce large sys-
tematic error for general-shape floating metals, and the offline
computation for each floating metal may not be feasible. More accu-
rate technique for handling general floating metals, like in MIM
capacitors, should be developed.

III. APPROACH CONSIDERING GENERAL-SHAPE

FLOATING METALS

In this section, we first derive an approach based on the central
difference formula for handling cuboid-shape floating metals. Then,
we extend it to deal with multirectangle floating metals. Finally, we
give more technical details.

A. Approach Based on the Central Difference Formula

We first look at (3), which implies:
∮
�f

ε̃(r)
t(r)

φ(F)dr =
∮
�f

ε̃(r)

t(r)
φ(r)dr, or (4)

∮
�f

ε̃(r)
φ(F) − φ(r)

t(r)
dr = 0. (5)

This makes us to think of the electric neutrality equation for floating
metal (applying the Gauss theorem)

Q(F) =
∮
�f

ε(r)
∂φ(r)
∂n(r)

dr = 0, (6)

where ∂φ(r)/∂n(r) denotes the outer normal electric field intensity
at point r. We realize that (φ(F) − φ(r))/t(r) in (5) can be regarded
as the forward-difference approximation of the normal electric field
intensity in (6) in some situation. However, when r is near a corner
of the cuboid neighborhood boundary [see Fig. 3(a)], this does not
hold. Notice that such explanation of (5) stands only if the floating
metal is spherical [see Fig. 3(b)]. For general-shape floating metal,
there is a lack of rationality in (5) or the approach of [4].
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Fig. 3. (a) Illustration of the forward-difference approximation for cuboid-
shape floating metal and (b) sphere-shape floating metal.

We now consider how to derive a more accurate approach for the
cuboid-shape floating metal F with dimensions l1 × l2 × l3. For any
integral surface � enclosing F, we have

Q(F) =
∮
�

ε(r)
∂φ(r)
∂n(r)

dr = 0. (7)

Approximating the partial derivative in (7) with the central difference
formula, we obtain

0 ≈
∮
�

ε(r)
φ(rout) − φ(rin)

2s(r)
dr, (8)

where rin and rout are two points such that the line connecting them
intersects � perpendicularly at r. And, rin and rout have the same
distance s(r) to point r (see Fig. 4). Assuming rin is on F such that
φ(rin) equals to φ(F), we have

(

∮
�

ε(r)
s(r)

dr)φ(F) ≈
∮
�

ε(r)
s(r)

φ(rout)dr, or (9)

φ(F) ≈
∮
�

PF(r)φ(rout)dr =
∮
�

ε(r)
K · s(r)

φ(rout)dr, (10)

where K =
∮
�

ε(r)
s(r)

dr. (11)

Obviously, PF(r) is a probability density function, and (10) implies
a random transition scheme from the floating metal F. Although (10)
looks very similar to (3), the integrands in them are different. Instead
of integrating the electric potential on the closed surface �f , the
integral in (10) involves the electric potential on possible locations
of rout which constitute an unclosed sampling surface.

To ensure the existence of rin on F, we construct the integral
surface � as that shown in Fig. 4. We first translate each face of
F outward a distance and then connect these translated faces with
bevel faces. These distances are denoted by s1, s2, s3, s4, s5, and
s6, as shown in Fig. 4. The resulted � includes 26 faces: six faces
obtained by translating the faces of F (denoted by type I), 12 faces
each connecting two adjacent type-I faces (denoted by type II), and
eight faces each connecting three type-II faces (denoted by type III).
Fig. 5 depicts examples of the three kinds of faces, corresponding
to those labeled by “I,” “II,” and “III” in Fig. 4(b). So far, we have
derived a new approach for handling cuboid-shape floating metal. It
has three differences to the approach in [4]: 1) s(r) in (10) and t(r)
in (3) have different meaning; 2) in the approach of [4] the integral
surface and sampling surface are a same closed surface (i.e., neigh-
borhood boundary), while in our approach the former is a closed
surface with 26 faces and the latter is unclosed; and 3) our approach
is derived from (7) rigorously with the second-order central differen-
tiation formula. Thus, it has less systematic error than the approach
of [4] corresponding to the forward difference.

The remaining problem is how to perform random sampling
according to (10). This is realized by first randomly picking a face of
� according to integrals of PF(r) and then sampling a point on the
selected face. The integrals on the three types of faces, denoted by
I1, I2, and I3, are calculated separately. Here, we ignore the effect
of dielectric permittivity ε(r) in PF(r). The constant K can also be
ignored. Take the faces shown in Fig. 5 as examples. For type-I face,
PF(r) = 1/si (i = 1, 2, . . . , 6), and the corresponding integral is

Fig. 4. Central difference formula-based approach with a special integral
surface. (a) top view and (b) side view.

Fig. 5. Three types of faces of the integral surface (in local coordinates).

trivial. For type-II face, it corresponds to the hypotenuse of the blue
triangle in Fig. 4(a). Along the x̃ direction s(r) first decreases and then

increases. The turning point is at x̃ = s2
1/

√
s2
1 + s2

2, as illustrated in
Fig. 4(a). On its left and right subintervals s(r) linearly depends on
x̃, respectively. With some geometric calculations, we derive

PF(r) = 1

s(r)
=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

s2
s1

· 1√
s2
1+s2

2−x̃
, 0 ≤ x̃ ≤ s2

1√
s2
1+s2

2

s1
s2

· 1
x̃ ,

s2
1√

s2
1+s2

2

≤ x̃ ≤
√

s2
1 + s2

2

(12)

I2 =
∫ l3

z=0

∫ √
s2
1+s2

2

x̃=0
PF(r)dx̃dz = l3

s2

s1
ln

s2
1 + s2

2

s2
2

+ l3
s1

s2
ln

s2
1 + s2

2

s2
1

. (13)

Its special case is s1 = s2, which results in I2 = 2l3ln2.
For type-III face, the situation is more complicated. Look at its

2-D view in Fig. 5 and 3-D view in Fig. 6. The triangle face can
be divided into six parts by the three altitudes. On each part, s(r)
is a linear function of two local variables. With the blue right-angle
triangle in Fig. 6 perpendicular to the face, we can derive the values
of s(r) when r is at the triangle’s vertex, the foot of the altitude,
or the triangle’s orthocenter. They are denoted by dv, dm, and dc,
respectively. Then, we can derive the expressions of s(r) and PF(r).
For example, for the bottom-left part of the triangle (“A” in Fig. 5),
and supposing s1 = s2 = s3 = s,

PF(r) = 1√
3s − √

6x̃/2 − √
2ỹ/2

, 0 ≤ x̃ ≤
√

2

2
s, 0 ≤ ỹ ≤

√
3

3
x̃.

(14)

Finally, the integral on the type-III face is: I3 = 3sln(4/3).
The sampling on type-I face is trivial, which is a uniform sam-

pling. For sampling type-II and type-III faces we can use the rejection
sampling technique [9] based on the known PF(r). Then, the next
random-walk position rout is calculated.

B. Handling Multirectangle Floating Metals

The MIM capacitor involves floating metals in multirectangle shape
(see Fig 7). Note that (10) still holds and the integral surface � can be
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Fig. 6. Type-III face of integral surface and the related calculation of s(r).

Fig. 7. Top view: multirectangle floating metal and its integral surface.

constructed similarly. To simplify the construction and the sampling
process, we consider a multirectangle metal as a combination of mul-
tiple blocks (cuboids). Then, we just construct the integral surface for
each block, and then make sampling on the blocks’ integral surfaces
and utilize the rejection sampling technique [8], [9]. Take Fig. 7 as
an example. We first randomly select �1 or �2 according to their
areas, and then randomly choose a point r on the selected block inte-
gral surface. According to r’s position we decide whether to accept
it or not. Points like r1 are legal points and should be accepted. On
contrary, r2 is not on the integral surface of the whole metal and is
thus rejected. Then, with the principle of rejection sampling and each
block’s PF(r) calculated, we can obtain a correct sampling point, and
enable the random transitions from a multirectangle floating metal.

C. Considering Multidielectric Environment and More

With the consideration of multidielectric environment, the inte-
grals and sampling on the integral surface of a cuboid floating metal
should be modified. We first consider the situation where the dielec-
tric interface intersects the side faces of the metal. For the relevant
type-I face, PF(r) becomes a piecewise constant function, whose inte-
gral is easy to calculate. For type-II face [as shown in Fig. 8(a)], it
can be regarded as the combination of two single-dielectric type-II
faces. The corresponding I2 and the sampling process can also be
derived.

For the situation, where the dielectric interface is near the
top/bottom face of the metal, making rout on the other side of the
interface [see Fig. 8(b)], the derivation from (7) to (10) does not hold.
We shall use the equivalent permittivity ε(r) for the region spanning
from the floating metal to the sampling surface [10]. Take Fig. 8(b) as
an example

ε(r) = 2s
γ
ε1

+ 2s−γ
ε2

= 2sε1ε2

γ ε2 + (2s − γ )ε2
, (15)

where γ is the distance between the interface and the floating metal.
With it the approach in Section III-A becomes workable.

Calculating the electric potential of a floating metal is also impor-
tant for checking the breakdown concern in the design of MIM
capacitor. Suppose among the total npath walks there are Nk walks
which first encounter No. k floating metal (denoted by Fk). And,
among these Nk walks, nk walks finally terminate at the master
conductor i. Then, based on (10) and the Monte Carlo principle,

Fig. 8. Side view: cuboid floating metal and the dielectric interface.
(a) Interface intersects the metal. (b) Interface is near the top/bottom face
of metal.

TABLE I
RESULTS FOR THE TEST CASES WITH FLOATING DUMMY FILLS

we have: φ(Fk) ≈ nk/Nk. Accordingly, its statistical error (1-σ error)
can also be calculated.

IV. NUMERICAL RESULTS

We have implemented the approaches for handling floating met-
als into the program RWCap [7], [8]. An extension of [4], which
incorporates the simple setting of neighborhood boundary with the
technique in Section III-B, is also implemented for handling multi-
rectangle floating metals. For all approaches, we make each face of
floating metal have same distance d to the sampling surface. Raphael
with dense grid discretization is used to validate the accuracy. All
experiments are carried out with serial computing on a Linux server
with Intel Xeon E5-2650 2.0GHz CPU. The unit of all lengths is μm.

A. Results on Cases With Floating Dummy Fills

The first three test cases are obtained from [6]. They are structures
of interconnect wires including 24, 34, and 53 dummies, respectively.
The size of each dummy is 1×1×0.6 or 0.5×0.5×0.5. The minimum
spacing around a dummy is 0.6 or 0.25, accordingly. Setting 0.3%
1-σ error of the total capacitance as the termination criterion, we run
the FRW-based algorithms and obtain the results listed in Table I. d
is set to the minimum spacing for every case.

From Table I we see that the proposed approach has the similar
runtime as the approach in [4], while the latter often shows larger
error on capacitance. We have also investigated the trends of the cal-
culated capacitance for varied d parameter. The results reveal that the
both approaches are indistinguishable. The approach in [4] well han-
dles the dummy fill with shape similar to sphere [recall the discussion
on Fig. 3(b)].

B. Results on Cases of MIM Capacitor

Two kinds of MIM capacitor structures are constructed, which
produces Cases 4–6. Their cross section view is like those in
Fig. 1(b) and (c). Their layouts are shown in Figs. 9 and 10, with
some coordinates labeled. Case 5 is obtained by a little modification
on case 4 (cutting off a bottom-left corner block, in size 3 × 4, from
the layer-n floating metal). For each case the coupling capacitance
between conductors 1 and 2 is computed.

To reveal the advantage of the approach proposed in
Sections III-A and III-B, we calculate the capacitance of each
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TABLE II
COMPUTATIONAL RESULTS FOR THREE MULTIDIELECTRIC MIM CAPACITOR CASES

Fig. 9. 2-D layouts of an MIM structure with floating metals (cases 4 and 5).
(a) Layer n-1. (b) Layer n.

Fig. 10. 2-D layouts of another MIM structure (case 6). (a) Layer n-1.
(b) Layer n.

Fig. 11. (a)–(c) Capacitance value (with ±3σ error bars) versus the d value
for cases 4–6, respectively. (d) Runtime trends and error trends for case 5.

case with varied d value. The trends of calculated capacitance are
shown in Fig. 11(a)–(c). To suppress the stochastic error, a small
0.05% 1-σ error is set as the termination criterion. Then, the shown
error is mainly the systematic error with respect to Raphael’s result.
From these figures we see that with the approach in [4] and its
extension the systematic error can be very large, while the proposed
approach keeps reasonable accuracy even for the largest d (the
minimum distance between a floating metal and other conductors).
For case 5, larger d value causes the systematic error of approach
in [4] increasing from less than 0.5% to larger than 2.2%, while
that of the proposed approach keeps within 0.4% (5× less). This is
more clearly shown in Fig. 11(d). If using a naïve implementation of

the approach of [4], which has a cuboid sampling surface for each
floating metal, we see even larger systematic error (up to −40%) for
some d.

We draw Fig. 11(d) to reflect how d affects the runtime of the
approaches and their errors to Raphael. It reveals that the proposed
approach and that in [4] have almost the same runtime-vs-d trend,
but different errors. With same 0.5% systematic error, the proposed
approach is over 3.7× faster than the extension of existing approach
(52 s at d = 2 versus 193 s at d = 0.1).

Assuming an environment with three dielectric layers with permit-
tivities 1.9, 2.9, and 3.9, we simulate the multidielectric cases with
0.3% 1-σ error for termination and list the results in Table II. From
it we confirm again that the proposed approach is more accurate than
the extension approach of [4] on both capacitance and the voltage of
floating metal (e.g., see the results on V3), while the latter’s results
often violate the 3σ error range due to the larger systematic error.

V. CONCLUSION

For the structure including general-shape floating metals, we
propose a reliable and accurate FRW-based approach to calculate
capacitances. It allows larger hops from the floating metal while keep-
ing small systematic error, and thus reduces the overall runtime. With
the rejection sampling, the approach is extended to handle multirect-
angle floating metals in MIM capacitor structures. This makes the
proposed approach a practical tool for the design of high-density
MIM capacitor.
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