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SUMMARY
This paper presents several techniques to accelerate the two-dimensional (2-D) direct boundary element method
(BEM) for the capacitance extraction of nanometer very large-scale integrated interconnects. Among these
techniques, the nonuniform discretization technique minimizes the number of unknowns needed for accurate
computation. The technique of adding virtual dielectric interface increases the sparsity of the coefﬁcient matrix.
With the technique of blocked Gaussian elimination, the memory usage and CPU time for solving the linear
equation system are largely reduced. The analytical primitive functions for the 2-D boundary integrals are also
presented. Numerical results show that the presented techniques largely accelerate the 2-D boundary element
method. And ﬁnally, our BEM-based capacitance solver demonstrates ﬁve times speedup over an advanced
capacitance solver based on ﬁnite difference method. Copyright © 2013 John Wiley & Sons, Ltd.
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1. INTRODUCTION
With the feature size of integrated circuit (IC) scaling down, the parasitic capacitance of interconnects
is making more and more signiﬁcant impact on circuit performance. In order to carry out detailed
simulations emulating actual digital and analog circuit responses, the accurate extraction of parasitic
capacitance is a must for building the accurate circuit model for the interconnects in IC. For highperformance circuit design, it is important to make timing veriﬁcation at the early stage of physical
design. This can ensure a faster design closure and reduce the time to market. Hence, after the
placement of cells, the static timing analysis is usually performed to ﬁnd out the signal path violating
the timing constraints. This step is very crucial and provides guidelines for the sequent physical
synthesis. In [1], a parasitic extraction method is developed for the preroute design stage of very
large-scale integrated (VLSI) circuit. This method generates virtual route and estimates congestion
by using the placement information of standard cells and then extracting the interconnect parasitics
with the pattern-library method. In this scenario, two-dimensional (2-D) geometric patterns depicting
the cross sections of interconnect structures are used for the capacitance extraction. The capacitances
of patterns are calculated in advance with the ﬁeld solver algorithms and stored in a table or as
interpolation formulas. Therefore, the preroute parasitic extraction can be performed very quickly
and with sufﬁcient accuracy for the design optimization.
The ﬁeld solver methods for calculating the capacitance mainly include domain discretization
method and boundary integral equation method. The domain discretization methods are the ﬁnite
difference method (FDM) and the ﬁnite element method (FEM) [2]. The boundary integral equation
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methods are also called boundary element method (BEM). The FDM and FEM discretize the entire
domain, producing a sparse linear equation system with larger order. They are more mature and
possibly more efﬁcient than BEM, especially for 2-D cases. Several widely used commercial
capacitance solvers, such as RaphaelTM of Synopsys and Q3DTM of Ansoft, are based on FDM
or FEM.
The BEM is a numerical method for solving linear partial differential equations that are formulated
as integral equations (i.e., in boundary integral form). It can be applied in many areas of engineering
and science including ﬂuid mechanics, acoustics, electromagnetics, and fracture mechanics [3–5].
BEM has also been applied to electromagnetics [6–10], such as the capacitance extraction problem,
where it is also called the method of moments [6]. In BEM, only the boundaries are discretized; hence,
a much smaller system of linear equations is obtained. Also, problems encountered with complex
boundaries can be effectively handled with BEM, whose accuracy is generally considered to be
superior to that of FDM and FEM. Thus, the BEM with rapid computing techniques has become the
focus of research on ﬁeld solvers for capacitance extraction.
In the practice of applying BEM to capacitance extraction problem, the most time-consuming
part is the generation and solution of the linear equation system. Although the linear equation of
BEM is relatively small when comparing with volume discretization counterparts, it is usually
dense. There have been several algorithms proposed to accelerate the matrix–vector products and
further the solution of BEM equations. Among them, the most famous one is the fast multipole
method (FMM), which applies multipole and local expansions to approximate the effect of remote
panels on the evaluation panel [9]. However, this FMM-based methodology is suitable for largescale examples. In the problem of establishing the capacitance library of 2-D patterns, all patterns
are small and regular. Therefore, the FMM is not the best choice, because of its computation
overhead [8].
In this paper, we propose the techniques for developing an efﬁcient BEM-based 2-D capacitance
solver for VLSI interconnects. First, we propose a nonuniform approach to discretize the conductor
surface according to the analysis of the electric ﬁeld distribution. This technique reduces the
number of boundary panels without loss of accuracy. Then, the analytical results of the 2-D
boundary integrals are deduced. It expedites the generation of the linear equation system as
compared with using the numerical integral technique [11]. Finally, a virtual dielectric interface
is added to the 2-D interconnect pattern structure. This increases the sparsity of generated linear
equation system. Together with the blocked Gauss equation solving technique, the solving time
of BEM equations is largely reduced. The proposed techniques are integrated into a solver call
BECap2D. It has replaced the Raphael rc2 solver used in [1] for building the pattern library for
the preroute parasitic extraction. Numerical experiments are carried out on the 2-D interconnect
patterns under a typical 45-nm process technology. Our BEM solver is able to accurately model
the features in the nanometer process technology and has shown ﬁve times speedup over the
advanced capacitance solver Raphael.
The remainder of this paper is organized as follows. Section 2 outlines the direct BEM [10, 11] and
related techniques for calculating the interconnect capacitance. The proposed techniques for 2-D
capacitance extraction are presented in Section 3. The numerical results are presented in Section 4.
Finally, we draw conclusions in Section 5.

2. THE DIRECT BEM FOR INTERCONNECT CAPACITANCE EXTRACTION
2.1. Fundamental formulation of BEM
With m conductor embedded in M dielectrics layers, the relation between the potentials of m
conductors, denoted by V∈Rm , and the charges on each conductor, denoted by Q∈Rm , is given by
Q = CV, where C∈Rmm is referred to as the capacitance matrix. To obtain the jth column of the
capacitance matrix, the potential of the jth conductor is set to be 1 V, and the potential of the rest
conductors is set to be 0 V. The jth conductor is called the master conductor, and the rest conductors
are called environment conductors.
Copyright © 2013 John Wiley & Sons, Ltd.
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Within the domain of the ith dielectric denoted by Ωi, the electrical potential u is governed by the
Laplace equation with mixed boundary conditions:
8
∂2 u ∂2 u
>
>
∇2 u ¼ 2 þ 2 ¼ 0; in Ωi i ¼ 1; …; M
>
>
<
∂x
∂y
(1)
;
u
¼
u
;
on
Γ
0
u
>
>
>
∂u
>
:
¼ 0; on Γn
q¼
∂n
where Γu is the Dirichlet boundary (surface of conductors), with u known and determined by preset
bias voltage; Γn is the Neumann boundary (outer boundary of simulated domain), where the normal
electrical ﬁeld intensity q is supposed to be zero. n stands for the unit vector outward normal to the
boundary. Besides, u and q fulﬁll the compatibility equations along the interface of two adjacent
dielectrics a and b as follows:
8
∂ub
< ∂ua
¼ εb
εa
(2)
∂na
∂nb ;
:
ua ¼ ub
where εa and εb stand for the permittivities of dielectric a and b.
With the direct BEM, the electrostatic Laplace equation is transformed into the following direct
boundary integral equation (BIE) [3, 7]:
1
us þ ∫∂Ωi q udΓ ¼ ∫∂Ωi u qdΓ;
2

(3)

where us is the electric potential at point s on boundary. u* is the fundamental solution of Laplace
equation. For 2-D case, u* is (1/2π)ln(1/r), where r is the distance between the source point and ﬁeld
point. q* is the derivative of u* along the outer normal vector of the boundary. ∂Ωi is the boundary
surrounding the homogenous dielectric subregion i.
After discretizing boundary Ωi into Ni constant elements, the discretized form of the direct boundary
integral equation can be written as follows:
Ni
Ni
1
uk þ ∑ uj ∫Γj qk dΓ ¼ ∑ qj ∫Γj uk dΓ;
2
j¼1
j¼1

k ¼ 1; …; N i ;

(4)

where Γj is the jth boundary element on ∂Ωi, and uj and qj are the potential and normal electric ﬁeld
intensity on Γj, respectively.
2.2. Setup of the linear equation system
The integrals in (4) can be classiﬁed as singular and nonsingular integrals. When the source point lies
in the interval to be integrated, that is, k = j in (4), it is the singular integral. Brebbia [11] gives the analytical results for the singular integrals:
8

>
< ∫Γi ui dΓ ¼ 0:5
  

;
1
1

>
þ
1

r
q
dΓ
¼

log
∫
: Γi i
1
π
r1

(5)

where r1 is the half length of the integral interval.
If k ≠ j in (4), it becomes the nonsingular integral. Usually, numerical methods, such as the Gauss–
Legendre formula, are employed to calculate the nonsingular integrations [11]. The numerical method is
straightforward and easy to be implemented. However, it has larger computational expense, especially
for the nearly singular integration, where a considerably high order of numerical integration is needed
for a reasonable accuracy.
Copyright © 2013 John Wiley & Sons, Ltd.

Int. J. Numer. Model. 2014; 27: 656–668
DOI: 10.1002/jnm

BOUNDARY ELEMENT TECHNIQUES FOR INTERCONNECTS CAPACITANCE EXTRACTION

659

After reorganizing the equation systems (4) to make all unknown variables collected in a left-hand
side vector, and the known values of u and q in the corresponding right-hand side, we can write the
result linear equation as the standard form as
Ax ¼ b;

(6)

where the coefﬁcient matrix A is large and nonsymmetric. For the organization of discretized BEM
equations (4), an approach has been proposed in [13]. According to it, all the unknowns in the
discretized BIEs can be classiﬁed into three types: vii, uij (i < j), and qij (i > j), where the subscript
stands for the dielectrics the unknown belongs to. Then, source points and unknowns are properly
arranged so that the nonzero blocks in the coefﬁcient matrix A are greatly reduced. As to an
interconnect structure with stratiﬁed dielectrics shown in Figure 1, the order of unknowns is v00, u01,
q10, v11, u12, q21, …, un  2, n  1, qn  1, n  2, vn  1, n  1. So, the nonzero coefﬁcients are regularly
located in the diagonal blocks and several blocks adjacent to the main diagonal (Figure 2).
2.3. Blocked Gauss equation solving technique
With the schemes introduced in Section 2.2 to properly arrange the unknowns, the linear matrix A is a
sparse blocked coefﬁcient matrix for multidielectric problem. In [3], a blocked equation solving
technique is presented. We brieﬂy introduce it as follows and apply it to the capacitance extraction.
Consider a 2 2 blocked equation system:

Dirichlet boundary
3
2

Neumann boundary
b

a

Interface of
dielectrics

1

Figure 1. A typical capacitor with three stratiﬁed dielectric layers.

Figure 2. The coefﬁcient matrix population for the case in Figure 1.
Copyright © 2013 John Wiley & Sons, Ltd.
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A11

A12

A21

A22



x1
x2




¼

b1
b2


:

(7)

The dimensions of entries A11, A12, A21, A22, b1, b2, x1, and x2 are n n, n m, m n, 1 n, 1 m,
1 n, and 1 m, respectively. This equation can also be expressed as follows:


A11 x1 þ A12 x2 ¼ b1
A21 x1 þ A22 x2 ¼ b2

:

(8)

Left multiply (8) by A1
11 to symbolically solve for x0 as follows:
1
x1 ¼ A1
11 b1  A11 A12 x2 :

(9)

Substituting (9) into (8) then yields the following:


1
A22  A21 A1
11 A12 x2 ¼ b2  A21 A11 b1 :

(10)

Solve (10) for x2 and then substitute x2 into (9), the x1 is obtained. This idea is the same as the
common Gauss elimination except that the entries are submatrices. Note that A1
11 in this procedure
is purely
symbolic,
that
is,
the
matrix
inverse
need
never
be
computed
explicitly.
In
(10), the coefﬁcient


matrix A22  A21 A1
A
.
The
right-hand
side vector
can
be
regarded
as
the
updated
diagonal
block
A
12
22

 11
1
b2  A21 A11 b1 can be regarded as the updated b2 in the same way. This ‘updating’ idea allows us to
generalize this process to treat the N N blocked matrix provided all diagonal blocks are square.
In blocked sparse matrices, nondiagonal block may be a zero matrix. In (9), for example, if A12 is known
to be a zero block, there is no need to compute A1
11 A12 x2 . Therefore, this equation solving technique will
greatly reduce the computation effort for a blocked sparse equation, such as that generated in BEM-based
capacitance extraction. The algorithm of block Gauss equation solution is described as Algorithm 1.

Copyright © 2013 John Wiley & Sons, Ltd.
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This algorithm shows good adoption to equation systems generated from discretized BIEs in the
following three aspects:
1) All diagonal blocks are square: As introduced in the beginning of this section, the equation
organization makes source points and ﬁeld points the same in the diagonal blocks of the matrix.
This guarantees that all diagonal blocks are square, which accords with the requirements of
blocked Gauss method.
2) No addition of nonzero entries: The most difﬁcult problem in blocked Gauss method is that zero
entries may become nonzero in LU factorization phase (the ‘ﬁll-in’ phenomenon). However, it
can be avoided for stratiﬁed dielectric structures.
3) No need to choose the primary entry: With consistency of source points and unknowns,
singularity of the integral kernels makes diagonal entry of the matrix with large absolute value.
For this reason, the computational result is accurate enough without choosing primary.
About the memory usage, there is almost no additional assumption except for the memory to store
the original sparse blocked coefﬁcient matrix, because the LU factorization for diagonal blocks can be
carried out in the original matrix and the interim matrix D ¼ A1
ii Aij can be computed column by
column. So, exactly speaking, the additional memory space for the whole solution phase is only
an n 1 vector, where n stands for the size of the largest diagonal block. This is negligible compared
with the additional space requirement of the Krylov subspace iterative equation solvers.

3. ACCELERATING TECHNIQUES FOR THE 2-D CAPACITANCE EXTRACTION WITH BEM
3.1. Nonuniform boundary discretization
The boundary discretization scheme largely affects the number of unknowns in the linear equation
system. The naive way for the boundary discretization is to divide all boundaries into intervals with
equal length. However, usually a large number of unknowns are needed for a reasonable accuracy if
no optimizing approach is adopted. It is intuitive that different boundary elements have different
impacts on the accuracy of ﬁnal result. On the one hand, the fundamental solution of Laplace equation,
that is, u* = (1/2π)ln(1/r), is inversely proportional to the distance between the source point and the
evaluation point. As we are evaluating the capacitance of master conductor, the boundaries that are
far away from the master conductor has less impact on the ﬁnal result. Hence, it is natural to discretize
those boundaries coarsely while discretizing other boundaries ﬁnely. On the other hand, with the
shielding effect of electrostatic ﬁeld, the boundaries that are shielded away from the master conductor
by environmental conductors have negligible impact on the capacitance of the master conductor.
Hence, the discretization of them can be quite coarse without loss of accuracy.
In [12], the capacitance coupling between conductors is classiﬁed into different types in order to
derive the analytical approximating formulas for the capacitances. Speciﬁcally, the coupling
capacitance is considered to have the components of plate capacitance, terminal capacitance, and fringe
capacitance (Figure 3). Inspired by Zhao et al. [12], we classify the boundary similarly and make

Cfringe

Cterminal Cplate Cterminal

Cfringe

Cfringe

Cplate

(a)

(b)

Figure 3. The illustration of electrical ﬁeld between (a) master conductor and long line, (b) master conductor and
side conductor.
Copyright © 2013 John Wiley & Sons, Ltd.
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nonuniform discretization. We ﬁrst recognize regions that are induced by different types of coupling
effects, that is, plate region, terminal region, fringe region, and the remaining region. Then, we
discretize them with different granularities. The approach to recognize the regions is illustrated in
Figure 4, where Figure 4(a) illustrates the region denoted as plate regions. In the plate regions, the
electrical ﬁelds between the master conductor and environment conductors are the strongest. As a
result, the related boundary is discretized denser. Figure 4(b) illustrates the terminal regions whose electrical ﬁelds are induced by the corner of master conductor. The discretization density of the boundaries
within the terminal regions is just second to the plate regions. Figure 4(c) illustrates the fringe region
whose electrical ﬁelds induce fringe capacitance. The electrical ﬁeld of fringe region is weaker. So, the
discretization in it is coarser than the previous two as well. In case that more than one region overlapped
in a same area, the highest discrete density of the overlapped regions is adopted. The boundaries that have
not been recognized by the previous regions have the lowest discretization density. On the basis of our
numerous experiments, we found that when the discretization densities of those four types of regions have
a ratio of 5:3:2:1, the result has the best balance between performance and accuracy.
3.2. Analytical boundary integrals
In this subsection, we deduce the analytical results for the 2-D boundary integrals. By comparing the
results of analytical formulas with the results of numerical integration, we can see the remarkable
promotion in the speed and accuracy.
Figure 5 illustrates the integrals we want to calculate. When the source point, say ps(xs, ys), does not
lie in the integral interval, the integral is a nonsingular one. Otherwise, the result can be obtained with
(5). We denote the two endpoints of the integral interval as p1(x1, y1) and p2(x2, y2). Assume the integral
direction is from p1 to p2. We use t1 as a parameter to present every point on the integral interval:


xðt 1 Þ ¼ x1 þ t 1 ðx2  x1 Þ
yðt 1 Þ ¼ y1 þ t 1 ðy2  y1 Þ

:

(11)
h

0.2h

0.2h

H

h
h

h

h
H
w

(a)

(b)

w

(c)

Figure 4. The classiﬁcation of regions based on the relative position with master conductor. The red block stands
for the master conductor, the brown blocks stand for environment conductors, the shadowed blocks stands for the
regions (a) plate region, (b) terminal region, (c) fringe region.

Figure 5. Illustration of the integral, where Ps is the source point, P1 and P2 are two terminals of the integral
interval, n is the unit out normal vector.
Copyright © 2013 John Wiley & Sons, Ltd.
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The distance from ps(xs, ys) to a point p(x(t1), y(t1)) on the integral interval, denoted by r(t1), can be
written as
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r ðt 1 Þ ¼ ðx1 þ t 1 ðx2  x1 Þ  xs Þ2 þ ðy1 þ t 1 ðy2  y1 Þ  ys Þ2 :
(12)
The primitive function of the potential-integral kernel function can be obtained by the following:



qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
1
1
1
L
dΓ ¼ ∫ ln
ðx′ ðt 1 ÞÞ2 þ ðy′ ðt 1 ÞÞ2 dt 1 ¼  ∫ lnrðt 1 Þdt 1
∫u dΓ ¼ ∫ ln
2π
r ðt 1 Þ
2π
r ðt 1 Þ
2π
8
;
when Δ≤0
;
> 2t lnðt 1 Þ þ lnðLÞ  2
L<




¼
1pﬃﬃﬃ
2t 1 L
θ
4π >
θðx1  x0 Þ tan pﬃﬃﬃ þ t 1 ln t 21 þ
þ lnðLÞ  2; otherwise
:
L
2L
θ


(13)

where L is square of the length of the integral interval, that is, L = (x1  x2)2 + (y1  y2)2. L1 and L2 are
the squares of the distance from p1 and p2 to ps, respectively, that is, L1 = (xs  x1)2 + (ys  y1)2,
L2 = (xs  x2)2 + (ys  y2)2. The values of θ and Δ are
(

θ ¼ 2LL1 þ 2LL2 þ 2L1 L2  L2  L21  L22
:

2
Δ ¼ 4L2 L21  L22  L21  L2

(14)

The normal electrical ﬁeld intensity q* is numerically equivalent to derivative of potential along
the unit out normal vector:

 
∂u
1
1
1
ððx  xs ; y  ys ÞnÞ;
¼∇
ln
n ¼ 
(15)
q ¼
∂n
2π
r
2πr2
where n is the unit out normal vector at the point of (x, y), as shown in Figure 5. Because all
boundary elements are lines, the unit out normal vectors of every point on a same boundary panel
is the same, we have
1
n ¼ pﬃﬃﬃ ðy2  y1 ; x1  x2 Þ:
L

(16)

To calculate the primitive function of the integral, we ﬁrst transform the second kind integral
into ﬁrst kind integrals, and this gives


8
 2

Lt2 þ L2  L1  L
>
>
þ
2
y
ð
x

x
Þ
ln
Lt
þ
2
ð
L

L

L
Þt
þ
L
ð

y
Þ
arctan
2
1
2
1
2
1
>
2
1
2
>
ðx1  x0 Þðy2  y1 Þ  ðy1  y0 Þðx2  x1 Þ
>
>
< H x ðt2 Þ ¼
2L

;
 2

>
Lt2 þ L2  L1  L
>
>
ð
y

y
Þ
ln
Lt
þ
2
ð
L

L

L
Þt
þ
L
ð

x
Þ
arctan
þ
2
x
>
2
1
2
1
2
1
2
1
2
>
>
ðx1  x0 Þðy2  y1 Þ  ðy1  y0 Þðx2  x1 Þ
:
H y ðt2 Þ ¼
2L

(17)
where t2 is the substituted integral variable. The lower and upper limits of t2 are 0 and 1, respectively.
The dot product of the ﬁrst kind integrals with the norm out vector is exactly the value of the original
second kind integral, that is, the integral of the norm out ﬁeld density:
∫q dΓ ¼ ∫


∂u
1
dΓ ¼ H x ðt 2 Þ; H y ðt 2 Þ ðy2  y1 ; x1  x2 Þ:
∂n
L

(18)

With formulas (13) and (18), we can obtain the nonsingular integral value to avoid the using of numerical integral.
Copyright © 2013 John Wiley & Sons, Ltd.
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3.3. Virtual dielectric interface
As mentioned before, BEM often leads to dense matrixes. The cost of the establishing and solving of
the matrixes are proportional to the number of nonzero elements in the matrixes. During our
experiment, we observed that after our nonuniform discretization strategy, most nonzero elements of
the linear equation concentrate in the layer where the master conductor is located. Another important
observation of BEM is that the elements in a same dielectric domain compose a nonzero block in
the linear equation, and elements from different dielectrics have interactions only when they are on
the same boundary. Therefore, we propose to add a virtual dielectric interface at the position of the
bottom of the master conductor to reduce the nonzero entries of the linear equation. In Figure 6, we
show a cross section structure of VLSI interconnects and the corresponding BEM coefﬁcient matrices
before and after adding the virtual dielectric interface.
From Figure 6, we see that before adding virtual dielectric interface, the elements in the layer where
the master conductor is located compose a large nonzero block. After adding the virtual dielectric
interface, the original domain is divided into ﬁve subdomains (A–E in Figure 6(b)). Although a slightly
more boundary elements is introduced on the newly added interface, the new linear is much sparser
than the original. With the adopting of the blocked linear equation solving technique introduced in
Section 2.3, whose computation cost is proportional to the number of nonzero elements in the linear
equation, the solving speed can be accelerated, as shown in Section 4. Another merit of this technique
is that it is very easy to be implemented. The only extra work is to ﬁnd the bottom position of the
master conductor and add a new interface there, which is almost negligible.

4. NUMERICAL RESULTS
Our experiments are based on a typical 45-nm process technology, which contains eight metal layers
[14]. The parameters of each metal layer are listed in Table 1. Under the nanometer technology, the
side edges of conductors are not vertical but with an oblique angle of α. The oblique angle of the side
edge is described by its tangent value. In our experiment, it is set that tanα = 0.1. The cross section view
of the 45-nm technology is shown in Figure 7.

A
The original domain

(a)

B

C

D

Virtual

E

(b)

Figure 6. The illustration of the virtual dielectric interface adding technique. (a) The cross-section view of the structure and its corresponding linear equation before introducing the virtual dielectric interface. (b) The cross-section view
of the structure and its corresponding linear equation after the introducing of the virtual dielectric interface.
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Table I. The parameters of each metal layer for a typical 45-nm technology.
Layer

Minimum wire width (nm)

Wire thickness (nm)

Minimum wire space (nm)

45
70
70
70
100
120
140
160
180

58
140
140
140
180
200
220
240
270

45
70
70
70
100
120
140
160
180

POLY
Metal 1
Metal 2
Metal 3
Metal 4
Metal 5
Metal 6
Metal 7
Metal 8

Dielectric
barrier

Low-k
insulator
Copper
wire

Metal X+1

tan =0.1
w

w

s

Metal X
Metal X-1

Figure 7. The cross section view of a 45nm technology a technology with dielectric barriers.

For the multilayered interconnects in VLSI circuit, some experiments were carried out in [15] to
reveal the major capacitance effects. Several useful conclusions are as follows.
1) For the wires in the same layer with the master conductor, only the coupling capacitances of the
nearest neighbor wires are needed to be considered, for example, wires Ca and Cb in Figure 8.
The capacitances of other wires are negligible.
2) In order to reduce the crosstalk between adjacent metal layers, the wiring directions of adjacent
layer wires are always perpendicular. Therefore, on the cross section view along the wiring
direction of the master conductor, there might be parallel lines on the adjacent layers. The
corresponding place might also be vacant if the corresponding place happened to be the space
between wiring. When the corresponding place is vacant in the adjacent layer, the location on
the further layer can be treated as a parallel line with neglectable error, because of the densely
routing nature of ICs.
With the aforementioned conclusions, we established the interconnect patterns for capacitance
library. In each pattern, the master conductor is located at the center of the simulation region, with
two environment conductors at the same layer on its left and right sides, respectively. There are two
metal blocks located in the upper and lower metal layers of the master conductor, respectively. The

Metal 3, t=140nm

Ca

w

s

Cb

Metal 2, t=140nm, w=70nm, s=140nm
Metal 1, t=140nm

Figure 8. The illustration of the model with the master conductor in the layer of Metal 2.
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wire width of the master conductor is the multiply of minimum wire width, from 1 time to 6 times. The
wire space between the master conductor and the environment in the same layer is the multiply of
minimum wire space, from 1 time to 6 times. Figure 8 gives an example pattern when the master conductor is in the layer of metal 2, the wire width is the minimum wire width, that is, w = 70 nm, and the
wire space is twice the minimum wire space, that is, s = 140 nm. The pattern library is the combination
of patterns with all possible parameter settings. We have a total of C 39  6  6 ¼ 3024 patterns for the
typical 45-nm technology with eight metal layers.
To evaluate the efﬁciency of the used blocked Gauss solving technique, we compared it with other
equation solving techniques. For a case from the aforementioned patterns, the times for solving the
linear equation systems are listed in Table 2. The proposed analytical boundary integrals are used,
because it does not affect the equation solution. The ‘\’ operator in MATLAB is the state-of-the-art direct
sparse solver, which employs the UMF-PACK algorithm for general sparse matrix [17]. And, the
iterative generalized minimal residual (GMRES) method for the nonsymmetric matrix is also tested [18].
The Jacobi and ILU preconditioners are applied to the GMRES algorithm, respectively.
As shown in Table 2, the blocked Gauss technique demonstrates the best performance. In general,
iterative solvers are effective for large and highly sparse equations. For our cases, the matrix dimension
is not large, and the sparsity is not high, for example, 82% for approach (C) with virtual interface for
increasing the sparsity. So, the performance of iterative solvers is not as good as direct solvers. The
MATLAB ‘\’ operator is also slower than our approach, because it does not exploit the particular block
structure in the coefﬁcient matrix. It can also be indicated from Table 2 that after the introduction of
virtual dielectric interface, the time for solving the equation increases a little because of the increase
of unknowns. However, the time for generating the matrix is reduced because fewer integrals are
needed to calculate the nonzero entries.
With the proposed techniques, we have developed a BEM solver called BECap2d in C language.
With it and Raphael rc2 [16], all patterns described earlier are simulated to extract the capacitances.
Note that Raphael rc2 is a widely used commercial ﬁnite difference solver using the techniques of
advanced nonuniform meshing and the incomplete Cholesky decomposition preconditioned conjugate
gradient iterative equation solver. The result of Raphael is regarded as the golden value for capacitance
extraction. The experiments are run on a Sun Fire V880 server with a frequency of 750 MHz. The
computational time of different approaches are listed in Table 3.
Regarding the results of Raphael rc2 as the criterion, we also give the average capacitance errors with
different BEM techniques in Table 3. From the table, we see that with the proposed techniques, the
accuracy of BECap2d is comparable with that of Raphael. Note that for the simulated structures with
oblique boundaries, the FDM needs the interpolation to match the discretization grid to the boundary.
On the contrary, the BEM has no difﬁculty to handle the complex geometry. Therefore, it is generally
acknowledged that BEM is more accurate than FDM for the problems with complex geometries. From
Table 3, we also see that the original BEM without accelerating technique is slower than Raphael,
despite that the number of unknowns in the former is fewer than that in the latter. And, the larger error
of original BEM is mainly due to the inadequate boundary element partition. With the nonuniform
discretization approach in Section 3.1, the number of unknowns in BEM is largely reduced, while the
computational accuracy is largely improved. Although adding the virtual dielectric interface introduces
Table II. The performance of several linear equation solvers for a case from our patterns.
Matrix solving
time (ms)
Approach
no.
(A)
(B)
(C)

Method
description

No. of
unknowns

No. of
nonzero
entries

Matrix
generating
time (ms)

Blocked
Gauss

MATLAB
‘\’

GMRES
(Jacobi)

GMRES
(ILU)

BEM + analytical
integral
(A) + nonuniform
discretization
(B) + virtual
interface

840

20,4560

105.1

37.3

56.2

222.6

652.7

214

12,014

10.0

1.1

3.2

9.4

13.5

240

10,192

8.8

1.2

5.0

12.2

11.4
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Table III. The total CPU time for extracting the 3024 patterns with different approaches.
Approach no.
(A)
(B)
(C)
(D)
(E)

Extracting method

Average no.
of unknowns

Total time (s)

Average error
versus Raphael (%)

Raphael rc2
Original BEM
(B) + nonuniform discretization
(C) + virtual interface
(D) + analytical integral

2506
827
232
255
255

2170
2972
1431
1002
431

—
15
2.6
3.1
2.8

extra unknowns, the sparsity of linear equation system is increased. From Table 3, we see that this
technique averagely improves the computational speed up to 42%. The adoption of the analytical
integral formulas largely accelerates the setup of linear equation system. With all the accelerating
techniques, BECap2d becomes ﬁve times faster than Raphael while preserving good accuracy.

5. CONCLUSIONS
In this paper, several techniques are proposed to accelerate BEM for the capacitance extraction of nanometer VLSI interconnects. The nonuniform boundary discretization technique is proposed on the basis of
the analysis of electric ﬁeld distribution, which largely reduces the number of unknowns needed for
accurate computation. The analytical formulas are deduced to replace the numerical integration of
2-D boundary integrals. It accelerates the generation of discretized BEM equations. Finally, by adding
a virtual dielectric interface, we largely improve the sparsity of the overall coefﬁcient matrix. With a block
Gauss equation solver, the time for solving the linear equation system is further reduced. Numerical
experiments are carried out on the interconnect patterns for the 45-nm process technology, with trapezoidal
cross section and multiple dielectric layers. Compared with the advanced FDM solver, the accelerated
BEM solver exhibits ﬁve times advantage on computing time, while preserving good accuracy.
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